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Mathematical Optimization

B Optimization Problem [Boyd and Vandenberghe, 2004]

min  fo(X)
X
s.t. fi(x) <0, i=1,...,n
® X =[X1,...,%q]" € RY: optimization variable

@ fy : RY — RR: objective function
o fi:RY — R,i =1,...,n: constraint functions

B Optimal Solution
{%.[fo(x) < fo(x),Vx € Q}
where Q = {x[fi(x) <0,i=1,...,n}
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Introduction
Least-squares

B The Problem
n

2
min fo(x) = (aiTx - bi> — ||AX — bl

i=1

@ A=Jay,...,an] € R
o b:[bl,...,bn]TeRn

B Solving Least-squares
@ Analytical solution: x, = (ATA)"'ATb
@ Reliable and efficient algorithms and software
@ Computation time proportional to d?n
@ A mature technology

Learning And Mining from



http://cs.nju.edu.cn/zlj

Introduction
Linear Programming

B The Problem

min ¢ 'x
X
T .
s.t. g x<b, i=1,...,n
@ X = [Xg,...,%q]": optimization variable
@ c,ay,...,a, €« R%and by, ...,b, € R: parameters

m Solving Linear Programs
@ No analytical formula for solution
@ Reliable and efficient algorithms and software
@ Computation time proportional to d?nifn > d
@ A mature technology L

Learning And Mining from Data
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Introduction
Convex Optimization Problem

® The Problem
mXin fo(x)

s.t. filx)<0, i=1,...,n

@ Objective and constraint functions are convex:
fi(0x + (1 —0)y) < 0fi(x) + (1 - 0)fi(y)
fo<f<1

B Solving Convex Optimization Problems
@ No analytical solution
@ Reliable and efficient algorithms
@ Almost a technology

Learning And Mining from
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Problems
Convex Set

B Line Segment between x; and X

X =60x1+(1-0)x2, 0<f <1 %1 —— . x,
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Problems
Convex Set

B Line Segment between x; and X
X =60x1+(1-0)x2, 0<f <1 %1 —— . x,

Convex Set

A set C is convex if the line segment between any two points in
C liesin C.

X1,X2 €C,0<0<1=0x1+(1—-0)x2€C
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Problems
Convex Functions

Convex Functions

A function f : R — R is convex if dom f is a convex set and if
for all x,y € domf, and  with 0 < 6 < 1, we have

f(Ox + (1 — 0)y) < 0f(x) + (1 — ) (y)
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Problems
Convex Functions

Convex Functions

A function f : R — R is convex if dom f is a convex set and if
for all x,y € domf, and  with 0 < 6 < 1, we have

f(Ox + (1 — 0)y) < 0f(x) + (1 — ) (y)

Concave Functions

A function f : RY9 — R is concave if dom f is a convex set and if
for all x,y € domf, and  with 0 < § < 1, we have

f(Ox + (1 — 0)y) > 0f(x) + (1 — ) (y)

@ f is concave if —f is convex
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Problems
Examples

B Examples on R
@ Affine: ax +bonR, foranya,b eR
@ Exponential: e®* on R, forany a € R
@ Powers: x2onR, ,fora>1ora<0
@ Powers of absolute value: |x|P on R, forp > 1
@ Negative entropy: X logx on R,

® Examples on R4

@ Affine function: a"x + b, foranya € RY, b € R
@ Norm: [|X||p = (Zid:l xi|P)Y/P, for any p > 1
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Problems
First-order Condition

W The Gradient of f(-) : RY — R
-
of (x) of (x)} c R

f =
v (X) [ 8X1 ’ ’ 8Xd
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Problems
First-order Condition

W The Gradient of f(-) : RY — R

 [of(x) o)1’
Vi(x) = [ T B } e R

First-order Condition
Suppose f is differentiable. Then f is convex if and only if dom f
is convex and
f(y) = f(x) + VE(X) " (y - x)
holds for all x,y € domf.

@ First-order approximation of f is a global underestimator

Learning And Mining from Data
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Problems
First-order Condition

B An Exmaple

1 : : : : :
3 2 1 0o 1 2 3 LA
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Problems
Second-order Condition

W The Hessian of f(-) : RY — R
9% (x)

V2 (x) € R4 with V2 (x);

N oX; an
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Problems
Second-order Condition

W The Hessian of f(-) : RY — R
9% (x)
N 8xi8xj

V2 (x) € R4 with V2 (x);

Second-order Condition
Suppose f is twice differentiable. Then f is convex if and only if
domf is convex and its Hessian is positive semidefinite:

V2f(x) = 0

holds for all x domf.
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Problems
Second-order Condition

W The Hessian of f(-) : RY — R
9% (x)
N 8xi8xj

V2 (x) € R4 with V2 (x);

Second-order Condition

Suppose f is twice differentiable. Then f is convex if and only if
domf is convex and its Hessian is positive semidefinite:

V2f(x) = 0
holds for all x domf.

B Quadratic functions

Learning And Mining from Data

where A >0
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Operations that Preserve Convexity

B Nonnegative Weighted Sum
@ Iffy,... f, are convex and wy, ..., w, > 0, then

f = wqfy +wofy + - wyf, isconvex.

B Composition with Affine Function
@ If f is convex, then

g(x) = f(Ax + b) is convex.

B Pointwise Maximum and Supremum
o Iffy,..., f, are convex, then

f(x) = max {fy(x),...,fn(X)} isconvex.
@ Hinge loss: £(w) = max(0,1 — yx ' w)
@ Ifforeachy € A, f(x,y) is convex in x, then the function

g(x) = sup f(x,y) isconvex. LAMpA
ye A Learning And Mining from DatA
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Problems
Jensen’s inequality

B Basic Inequality
@ Iff is convex, thenfor0 <6 <1,
f(Ox + (L —0)y) < 0f(x) + (1 — 0)f(y)

B Extensions
@ If f is convex, then
f(E[X]) < E[f(X)]
where X is a random variable
@ Examples:

(EX])2 < E [xz}

E[vX] < VEX]

Learning And Mining from
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Problems
Convex Optimization Problem

B Standard Form

mXin fo(x)
s.t. fi(x) <0, i=1,...,n
a'x=b, i=1,...,p
o fo,f1,..., T, are convex

@ Equality constraints are affine
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Problems
Convex Optimization Problem

B Standard Form

mXin fo(x)
s.t. fi(x) <0, i=1,...,n
a'x=b, i=1,...,p
o fo,f1,..., T, are convex

@ Equality constraints are affine

B Local and Global Optima

Any locally optimal point of a convex problem is (glo-
bally) optimal.
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Optimality Criterion for Differentiable fj

B Optimality Criterion
@ x is optimal if and only if it is feasible and

Vfo(x) T (y — x) > O for al feasibley

Learning And Mining from Data
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The Conjugate Function

Conjugate Function
The conjugate of function f : RY — R is defined as

)= sup (yTx—1(x))

x€dom f

@ domf*

{yl sup (yTx—f(X))<oo}

xedom f
@ f*is convex
@ Suppose f is differentiable

f(y) = VE(x)Tx — f(x) = — [f(x) +Vix)T(0 - x)]
where y = Vf(x)

Learning And Mining from Data
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Problems

The Conjugate Function

Conjugate Function

The conjugate of function f : RY — R is defined as
)= sup (yTx—1(x))

x€dom f



http://cs.nju.edu.cn/zlj

Problems

The Conjugate Function

Conjugate Function

The conjugate of function f : RY — R is defined as
)= sup (yTx—1(x))

x€dom f



http://cs.nju.edu.cn/zlj

Problems

The Conjugate Function
Conjugate Function

The conjugate of function f : RY — R is defined as
)= sup (yTx—1(x))

x€dom f
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Duality
The Lagrangian

B The Optimization Problem (not necessarily convex)

mXin fo(X)
s. t. fi(X)go, i=1,...,n
hi(X):O, izl,...,p

@ Variable x € RY, domain D, optimal value p,
B The Lagrangian L : RY x R" x RP — R

L(X, A\, v) = +ZAf Z ihi(x)

i=1

@ ) is Lagrange multiplier associated with fj(x) < 0

@ y; is Lagrange multiplier associated with h;(x) =0 LaMDA
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Duality
Lagrange Dual Function

W Lagrange dual function g : R" x RP — R
g(A,v) =inf L(X, A\, v)
xeD

p
:x”e‘%{ +Z)\f +§uihi(x)}

@ g is concave

B Lower Bound Property
@ If XA > 0, then g(A,v) < p..
fo(X) > L(X, A\, v) > i”}c) L(X, A, v) =g(A,v)
Xe
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Duality
The Dual Problem

B Lagrange Dual Problem
max g(A,v)

Vv

s.t. A>=0

@ The best lower bound on p.
@ A convex optimization problem
@ Optimal value d,
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Duality
The Dual Problem

B Lagrange Dual Problem
max g(A,v)

Vv

s.t. A>=0

@ The best lower bound on p.
@ A convex optimization problem
@ Optimal value d,

B Weak Duality

B Strong Duality
d* = P«

@ Doesnot hold in general, but usually holds for convex LAV
problems
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Duality
Complementary Slackness

B Under Strong Duality

p
fo(x*):g()\*,u*):mf{ +Z>\*,f +Zy*ihi(x)}

SfO(X*) + Z )\*ifi + Z V*I < fO )
i=1

@ X, is primal optimal and (A, v,) is dual optimal
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Duality
Complementary Slackness

B Under Strong Duality

p
fo(x*):g()\*,u*):mf{ +Z>\*,f +Zy*ihi(x)}

SfO(X*) + Z )\*ifi + Z V*I < fO )
i=1

@ X, is primal optimal and (A, v,) is dual optimal

B Complementary Slackness

Ai > 0=fi(x) =0

Aifi(Xs) =0 = , i=1,...,n
fi(x) {fi(x*)<0:>>\*i:0

B Optimality of x,

n p
Xy = arg mln {fo( )+ Z Aifi(X) + Z V*ihi(X)} LAMDA
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Duality

Karush-Kuhn-Tucker (KKT) Conditions

© Primal constraints

© Dual constraints
A=0

© Complementary Slackness
)\*ifi(X*):O, izl,...,n

@ Gradient of Lagrangian with respect to x vanishes

Vio(x +Z)\Vf —i—Zu.Vh(x LVt
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Duality
Implications of KKT Conditions

General Problems

For any optimization problem for which strong duality obtains,
any pair of primal and dual optimal points must satisfy the KKT
conditions.
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Duality
Implications of KKT Conditions

General Problems

For any optimization problem for which strong duality obtains,
any pair of primal and dual optimal points must satisfy the KKT
conditions.

Convex Optimizations

For any convex optimization problem, any points that satisfy the
KKT conditions are primal and dual optimal, and have zero
duality gap.
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Duality

Implications of KKT Conditions

General Problems

For any optimization problem for which strong duality obtains,
any pair of primal and dual optimal points must satisfy the KKT
conditions.

Convex Optimizations

For any convex optimization problem, any points that satisfy the
KKT conditions are primal and dual optimal, and have zero
duality gap.

Convex Optimizations

For any convex optimization problem for which strong duality
obtains, x. is optimal if and only if there exist (A, v,) that
satisfy KKT conditions. LAﬂ"DA

nnnnnnnnnnnnnnnnnnnnnnn
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Duality
Support Vector Machines |

B The Optimization Problem

n
A
min Z max (O, 1—vyi(w'x + b)) + EHWH%
i=1

weRd beR
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Duality
Support Vector Machines |

B The Optimization Problem

n
A
min max (0,1 —yi(w'x; + b)) + =|lw|3
v Do max (0.1 =W +0)) + 5w

B Redefine the Hinge Loss
¢(x) = max(0,1 — x)
B Its Conjugate Function

e(y) = Stxlp(yX —{(x)) = {

00, otherwise
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Duality
Support Vector Machines |

B The Optimization Problem

n
A
min max (0,1 —yi(w'x; + b)) + =|lw|3
v Do max (0.1 =W +0)) + 5w

B Redefine the Hinge Loss
¢(x) = max(0,1 — x)
B Its Conjugate Function

e(y) = Stxlp(yX —{(x)) = {

B A General Problem

00, otherwise

n
A
min 2(yiwx; + b)) + Z||wl|3
i ; (viw " + b)) + 5 w3 LAV
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Duality
Support Vector Machines |l

B An Equivalent Form

n
. Ao
min (ui) + =|lw
s e 2 10+ G

s.t. ui=yi(w'xi+b),i=1...,n
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Duality
Support Vector Machines |l

B An Equivalent Form

n
. A
min S o(w) + 5wl
i=1

weRd beR,ucRn

s.t. ui=yi(w'xi+b),i=1...,n

Hm The Lagrangian

£(w,b,u,v) Ze *HWH2+ZM< — Yi(wWx; +b))
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Duality
Support Vector Machines |l

B An Equivalent Form

n
. A
min S o(w) + 5wl
i=1

weRd beR,ucRn
s.t. ui=yi(w'xi+b),i=1...,n

Hm The Lagrangian
£(w,b,u,v) Zé *HWH2+ZM< — Yi(wWx; +b))

B The Lagrange Dual Function
g(v) = inf L(w,b,u,v)

w,b,u

n

A n
= inf > o)+ SIWliZ+ > u (Ui —yi(w'x +b)
Wi 2 i=1 ( >LANbA
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Duality
Support Vector Machines Il

B The Lagrange Dual Function
9(v)

n

= inf > (£(ui) +unu)) + (;\HWH% —w' ZViYiXi> —b> uy
i—1 i—1

w,b,u 4
i=1
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Duality
Support Vector Machines Il

B The Lagrange Dual Function

9(v)
= inf 2 (i) + wii)) + (;\HWH% —wi )y ViYiXi> —b> uy
i=1 i=1 i=1

® Minimizing w, b, u
inf (6(ui) + i) = —sup (= — £(ui))

Ui
:—B*(—yi) =y, 1If0<y <1

VwL(W,b,u,v) = \w — Zy,y,x,_0:>w_ Zu,y.x,
i=1

Vb L(W, b, u,v) Zy,y, =0 LWt
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Duality
Support Vector Machines IV

B The Lagrange Dual Function

ZVI - 2)\ ZZVWJYI)’JX X

i=1j=1
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Duality
Support Vector Machines IV

B The Lagrange Dual Function

ZVI - 2)\ ZZVWJMYJX X

i=1j=1

B The Dual Problem
n

'TE%Xn ZVI - 7ZZV|VJY|VJX Xj

i=1j=1

s. t. Oguigl, i=1...,n
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Duality
Support Vector Machines V

B KKT Conditions
@ (w,,b,,u,) and v, are primal and dual solutions
Ui = Yi(w,) X + b.)
0<v;<1

n
Z ViiYi = 0
i=1

1 n
W, = )\EV*iYiXi

Uy = argmin (£(Uj) + v,iu)) = 1if0 < vy < 1

Ui
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Methods
Performance Measure

B The Optimization Problem

in
wpy TW)

@ f(-) is a convex function

@ YV is a convex domain
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Methods
Performance Measure

B The Optimization Problem

in
wpy TW)

@ f(-) is a convex function
@ W is a convex domain

m Convergence Rate
@ After T iterations, the gap between objectives

- t1-0(£).o(2) () o(3)

B [teration Complexity

@ To ensure f(wt) — f(w,) <, the order of T

1 1 1 1
T=a(=). (). a(=).2(0g=>
(2)2(0) o) 2(s0) Lo
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Analytical Properties

B Lipschitz Continuous
VIO < G, or [[of(x)[ < G
B Strongly Convex
V2 (x) = ul
(VE(X) = VE(Y),x —y) > ullx =yl
f(y) = £00) + (VF(),y = %) + Slly = x|
f(Ox + (1 - 0)y) < 61(x) + (1 - O)f(y) — 6(1 — ) |x v
B Smooth
V2f(x) < LI
(VE(x) = VE(y),x —y) <L|x -yl

L
f(y) < £00) + (V(x).y =) + 5[y = x| LAVIDA
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Methods
An Example

2

‘—f(w) =log(l+e™™)+ f
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Methods
An Example

6~

N [—f@) =g b e+ g5
51\ |---f@)+ @)= -1)+ 252 b
. N PR - 2) e

-4 -2 0 2 4 6 LAVIDA
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Existing Results

B Convergence Rate
Lipschitz Smooth
Continuous Strongly Convex

GDO () | EGDISGD, O (}) | AGD O (%) | GDIAGD O ()

Strongly Convex Smooth

@ GD—Gradient Descent [Nesterov, 2004]
@ EGD—Epoch Gradient Descent [Hazan and Kale, 2011]
@ SGD,—SGD with a-suffix Averaging [Rakhlin et al., 2012]

@ AGD—Nesterov’'s Accelerated Gradient Descent
[Nesterov, 2005, Nesterov, 2007, Tseng, 2008]
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Methods
Gradient Descent

4

z?
2
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Gradient Descent with Projection

B The Problem

in f
i, fw

fort=1,...,T do
Wipg =W — e Vi(wy)

Witp1 = Myy(Wiyq)

end for
return Wy = £ 30 wq

B The Projection Operator

My(y) = argmin|[x —y||2
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Methods
The Convergence Rate |

For any w € W, we have

f(we) —f(w)
<(VF(wi), Wy — w)

_E<Wt — Wiy 1, We — W)
1 2 ! 2 / 2
=5, (1w = W — Wiy — Wi o+ we — wi i 5)

1 Tit
2y (e = wIB — Wi = wiB) + 191 ()

1 Tt
< (Iwe = Wi = wees —wi3) + Z1VE w3

To simplify the above inequality, we assume
=", ||Vf(W)H2 < G7 Yw € W) and ”X _yHZ < D’ VX,y € WAN.M
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Methods
The Convergence Rate I

Then, we have
1 n
flwe) — F(w) < o (Iwe — i3~ wiys — wiB) + 567

By adding the inequalities of all iterations, we have

-
> f(wy) — T(w)
t=1

1 2 2\ , T -2
<50 (Iwa —wip — |wrpn ~wi3) + 56

2



http://cs.nju.edu.cn/zlj

Methods
The Convergence Rate Ill

Then, we have
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Methods
The Convergence Rate Ill

Then, we have

B Limitations

@ The step size n = # dependson T

@ f(wy) doesnot decrease monotonically
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Gradients or Subgradients

m The Logit Loss

(W) = log (1 + exp(—iniTW)>
1

(W) =
V(W) 1+ exp(—yix; w

)V (1 + eXp(—iniTW)>

exp(—YiX;' W)

_ exp(—yix{ W)
1+ exp(—Yyix;'w)

T 1t ep(—yix w)

V(—yix{'w)

= YiX;

B The Hinge Loss
ti(w) = max(0,1 — yix;' w)
—YiXi, YiX|

{—ayixi :a € [0,1]}, yix;w=1 LANbA
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Methods
Homework

Analyze the smoothness of the following function

f(x) = log (1 + exp(—x) + 3x°

My (-) is a nonexpanding operator

M (x) = Mhw(y)ll2 < [Ix —yll2,vx,y

The analysis of varied step size

m = O(1/Vt)
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Methods
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