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Introduction
Definitions

B Stochastic Optimization [Nemirovski et al., 2009]
min Fw) = Eclf(w. )] = [ f(w.)aP(¢)

@ ¢ is arandom variable
@ The challenge: evaluation of the expectation/integration
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Introduction
Definitions

B Stochastic Optimization [Nemirovski et al., 2009]
min Fw) = Eclf(w. )] = [ f(w.)aP(¢)

@ ¢ is arandom variable
@ The challenge: evaluation of the expectation/integration

B Supervised Learning [Vapnik, 1998]

min F(h) = Epxy) [((n(x), )]

@ (x,Yy) is arandom instance-label pair
@ H ={h: X — R} is a hypothesis class
@ /(-,-) is certain loss, e.g., hinge loss

{(u,v) = max(0,1 —uv) LaAMpa
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Introduction
Optimization Methods

B Sample Average Approximation (SAA)
loEmpiricaI Risk Minimization (RRM)

F f(
Lol Z w6
o where &, ..., &y are i.i.d.
F {(h
i ) =53

where (X1,Y1), ..., (Xn,yn) are i.i.d.
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Introduction
Optimization Methods

B Sample Average Approximation (SAA)
loEmpiricaI Risk Minimization (RRM)

F(w f(
Lol Z w6
o where &, ..., &y are i.i.d.
\Arl‘g% F ZE
where (X1,Y1), ..., (Xn,yn) are i.i.d.

B Stochastic Approximation (SA)
@ Optimization via noisy observations of F(-)
@ Zero-order SA [Nesterov, 2011]
@ First-order SA, e.g., SGD [Kushner and Yin, 2003]
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Introduction
Performance

B Optimization Error / Excess Risk

1 1 1
F (W) — min F(w) = ;)((\fg Z E'%O <nZ>
VT) AT

@ n is the number of samples in empirical risk minimization

@ T is the number of stochastic gradients in first-order
stochastic approximation
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Risk Bounds of Empirical Risk Minimization
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Smooth: O (%)
[Zhang et al., 2017]
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Risk Bounds of Empirical Risk Minimization

Stochastic Optimization
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[Zhang et al., 2017]
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Smooth: O (%)
[Zhang et al., 2017]
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Lipschitz: O (ﬁ)
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Related Work

Risk Bounds of Stochastic Approximation

Stochastic Optimization

Strongly Convex: O (%)
[Hazan and Kale, 2011]

Smooth: O (%) JSquare or Logistic: O (1> !

|

[Srebro et al., 2010] }[Bach and Moulines, 2013]‘
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SGD Expectation Bound High-probability Bound

Stochastic Gradient Descent

m The Algorithm
1. fort=1,...,T do

2:

Wiy = Wi — 70t
3:

Wil = HW(W§+1)
4: end for
5 return Wy = 230wy

B Requirement
Ei[9¢] = VF(wy)

where E;[] is the conditional expectation
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SGD Expectation Bound High-probability Bound

Stochastic Gradient Descent

m The Algorithm
1. fort=1,...,T do

2:

Wiy = Wi — 70t
3:

Wil = HW(W§+1)
4: end for

5 return Wy = 230wy

B Stochastic Optimization

min F(w) = E¢ [f(w,&)]

@ Sample & from the underlying distribution
_ LAVpA
@ gt = Vf(wt, &)
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SGD Expectation Bound High-probability Bound

Stochastic Gradient Descent

m The Algorithm
1. fort=1,...,T do

2:

Wiy = Wi — 70t
3:

Wil = HW(W§+1)
4: end for

5 return Wy = 230wy

B Supervised Learning

min F(h) = Eqxy) [{(h(x),y)]

@ Sample (xt,Y:) from the underlying distribution
_ LAVpA
@ gt = VI(he(xt), Y1)
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Expectation Bound High-probability Bound
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@ Expectation Bound
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Expectation Bound High-probability Bound

Analysis |

For any w € W, we have
F(we) — F(w)
<(VF(wt), Wi — w)
=(gt, Wy — W) + (VF (W) — g¢, Wi — w)

Ot

1
E<Wt —W{+1,Wt —W> +5t

1
:2777t ([lwe — W13 — [Iwgy g — W3+ [lwi — Wf+1||§) + 0t

1 UG
o (lIwe —wlf3 — gy —wi3) + gllgtH% + 6t

1 Tt
sz ([lwe — W3 — [[Wis — W||§) + §||9t\|g + 0t
UL

LAMDA
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Expectation Bound High-probability Bound

Analysis I

To simplify the above inequality, we assume
ne=mn, and||gifl < G

Then, we have

1
F(w) = Fw) < o0 (Iwe = wiB = |wies —wlF) + 562 + 5

By adding the inequalities of all iterations, we have

i
T
S F (wy) — TF( w)<7||w1 w||2+77 GMZ&I
t=1 t=1

LAMDA

Learning And Mining from DatA
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Expectation Bound High-probability Bound

Analysis I

Then, we have

F(wr)—F(Ww)=F (_%XT:WJ —F(w)

t=

1
1< 1(1
< ZF(WI)_F(W)ST<Z’7||W1 W|2+GZ+Z&>

.
1

- wy — w||2+”c;2 Z(st
n t=1

In summary, we have

]
F(Wr) ~ Fw) < o—flwn —wif + 262+ 2374,
LAVIDA
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SGD Expectation Bound High-probability Bound

Expectation Bound

Under the condition E[g;] = VF (w;), it is easy to verify

E[0:] = E[(VF (W¢) — g, Wy — W)]
=E1 1 1[E[(VF (W) — g, Wy —w)]] =0

Thus, by taking expectation over both sides, we have

E[F (Wr)] — F(w)

1 2, N2
—|lwy —w -G
n:\cﬁ 1 (1 2 2)
= —— | =||lw w5 + cG

¥ 4 Lo

LAMDA
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Expectation Bound High-probability Bound

Outline

e Stochastic Gradient Descent

@ High-probability Bound
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SGD Expectation Bound High-probability Bound

Martingale

A sequence of random variables Y4, Y5, Y3, ... that satisfies for
any time t

E[IY.[] < oo
E[Yti1|Y1,..., Y] =Yt

An Example
Y is a gambler’s fortune after t tosses of a fair coin.

Let 6; a random variable such that §; = 1 if the coin comes up
heads and §; = —1 if the coin comes up tails. Then Y; = Z}Zl t.

E[YH_]_‘Y]_, . ,Yt] = E[6t+1 + Yt’Yl, - ,Yt]
=Yt + E[dt+1[Y1, ..., Yi] = Yi
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SGD Expectation Bound High-probability Bound

Martingale
A sequence of random variables Y4, Y5, Y3, ... that satisfies for
any time t
E[|Yt[]] < o0
E[Yi+1]Y1,..., Y] = Yq
An Example

Y is a gambler’s fortune after t tosses of a fair coin.

Martingale Difference

Suppose Y1, Y5, Ys,...is a martingale, then
Xe=VYi—VYia

is a martingale difference sequence.

E[Xt+1|X17 s >Xt] = E[Yt+l - Yt|X17 SRR Xt] =0
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SGD Expectation Bound High-probability Bound

Azuma’s inequality for Martingales

Suppose X1, X,, ... is a martingale difference sequence and
Xil < ci

almost surely. Then, we have

n 2
t
Pr Xi>t| <exp| ————
(25=1) oo (o582
Pr Xi<—-t]| <exp| ————
i=1 I 2ZinZJ. Ci2

Corollary 1
Assume ¢; < c. With a probability at least 1 — 24, we have

: / 1
> Xi| < y/2nclog 5

i=1

http://cs.nju.edu.cn/zlj Stochastic Optimization


http://cs.nju.edu.cn/zlj

SGD Expectation Bound High-probability Bound

High-probability Bound |

Assume
[9tll2 <G, and [[x —y|2 <D, ¥x,y e W

Under the condition E[g:] = VF (w;), it is easy to verify
0 = (VF(Wi) — g, Wy — W)
is a martingale difference sequence with

0] <[IVF(wWe) — gell2]we — wll2
<D(VF (w2 + [I9t[l2) < 2GD

where we use Jensen’s inequality

[IVF (Wi)ll2 = [[E[gi]ll2 < E[jgi]l2 < G

LAMDA

Learning And Mining from DatA
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SGD Expectation Bound High-probability Bound

High-probability Bound I

From Azuma'’s inequality, with a probability at least 1 — ¢

il / 1
D <2 TGD log

t=1

Thus, with a probability at least 1 — §

_ 1
F(Wr)— F(w) < ||wl—w||2+”ez

—HI—\

T
t=1
1 M . 1 1
_2T||W1—W||2—|—2G +2 TGDIogé
=g 1 1 2 2 1
T2 Zjwy — “G?12(/GDlog :
Vs <2C|W1 W||2+2 + g

(%) Laion
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Epoch-GD Expectation Bound High-probability Bound

Outline

@ Epoch Gradient Descent
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Epoch-GD Expectation Bound High-probability Bound

Strong Convexity

A General Definition
F is A-strongly convex if for all « € [0,1], w,w’ € W,

F(aw+(1—a)w') < aF(W)—l—(l—a)F(W')—%a(l—a)HW—W’H%

A More Popular Definition
F is A-strongly convex if for all w,w’ € W,

F () + (VF(w), W' —w) + 3w~ w3 < F(w)
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Epoch-GD Expectation Bound High-probability Bound

Strong Convexity

A General Definition
F is A-strongly convex if for all « € [0,1], w,w’ € W,

F(aw+(1—a)w') < aF(W)—l—(l—a)F(W')—%a(l—a)HW—W’H%

A More Popular Definition
F is A-strongly convex if for all w,w’ € W,

F () + (VF(w), W' —w) + 3w~ w3 < F(w)

An Important Property
If F is \-strongly convex, then

A
Slw = w2 < F(w) - F(w.)
where w,, = argminy, ¢y, F (W). LAWIDA
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Epoch-GD Expectation Bound High-probability Bound

Epoch Gradient Descent

B The Algorithm [Hazan and Kale, 2011]
1. Ty=4,m= 1/)\

2: while Y%, T, < T do

3 fort=1,...,Txdo

4.
W = My (Wi — neaf)

5. end for

. k 1_
6: = =3k wi
7 77k+1 =1 /2, Tkyr = 2Ty
8 k=k+1
9: end while
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Epoch-GD Expectation Bound High-probability Bound

Epoch Gradient Descent

B The Algorithm [Hazan and Kale, 2011]
1. Ty=4,m= 1/)\

2: while Y%, T, < T do

3 fort=1,...,Txdo

4.
w1 = My (wf — negf)
5. end for
k
6: = =T Zt L WE
7 77k+1 =1 /2, Tk1 = 2T
8 k=k+1
9: end while
® Our Goal
@ Establish an O(1/T) excess risk bound LAMDA
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Epoch-GD Expectation Bound High-probability Bound

Outline

@ Epoch Gradient Descent
@ Expectation Bound
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Epoch-GD Expectation Bound High-probability Bound

Analysis |

If we have
E [F(wi)} “F(w,) =0 (ﬁ) , vk

Then, the last solution WE satisfies

E [F(wﬁ)} ~F(w.)=0 <>‘1Tk) -0 (A1T>

Suppose
E [F(W'{)] CFW,) =c—

From the analysis of SGD, we have

1
E[Fws™)] - F(w.) < o E[Iwk - w. 3] + %62
21 T 2 L.V

Learning And Mining from DatA
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Epoch-GD Expectation Bound High-probability Bound

Analysis I

Recall that

Iwg —w. I3 <

(Fwh) - Fw.))

>N

Then, we have

1
Tk
ATe=41 G? 4
- 4E[C/\TJ+2)\TKG
Ten=2T, G? (1 4) o= . G?
)\Tk+1 )\Tk+1

E [F(w§+1)] —F(w.) S ——E [F(w{) - F(w*)] + kg2

2

2+c

LAMDA
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http://cs.nju.edu.cn/zlj Stochastic Optimization


http://cs.nju.edu.cn/zlj

Epoch-GD Expectation Bound High-probability Bound

Outline

@ Epoch Gradient Descent
@ High-probability Bound
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Epoch-GD Expectation Bound High-probability Bound

What do We Need?

B Key Inequality in the Expectation Bound

1
k+1\] < k 2 K ~2
E[FWE)] ~Fw.) < 5 o B [wf —wil3] + 6
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Epoch-GD Expectation Bound High-probability Bound

What do We Need?

B Key Inequality in the Expectation Bound

1
k+1\] < k 2 K ~2
E[FWE)] ~Fw.) < 5 o B [wf —wil3] + 6

B A High-probability Inequality based on Azuma’s Inequality

Tk ~2 GD 1
—G 2y —log —
22 Te\ T, o8

1
F(Wi™) — F(w.) < oo Wi — wlf3 + 5

2T
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Epoch-GD Expectation Bound High-probability Bound

What do We Need?

B Key Inequality in the Expectation Bound

1
k+1\] < k 2 K ~2
E[FWE)] ~Fw.) < 5 o B [wf —wil3] + 6

B A High-probability Inequality based on Azuma’s Inequality

?77sz GD

1
F(wkth) — F(W*)<7||w'§—w*||§+2 +2 7|og

— 2 Tk 0

B The Inequality that We Need

1 1
k+1 Tk ~2
FWE™) ) < 5o - w.f+ G2+ 0 (ATJ

Learning And Mining from Data
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Epoch-GD Expectation Bound High-probability Bound

Concentration Inequality |

Bernstein’s Inequality for Martingales

Let X4,..., X, be a bounded martingale difference sequence
with respect to the filtration 7 = (Fi)1<i<n and with |X;| < K.

Let _
I
Si=)_X
j=1

be the associated martingale. Denote the sum of the
conditional variances by

n
Z% = Z E [Xt2|]:tfl] .
t=1
Then for all constants t, v > 0,

t2
. 2 _
Pr <i_”1‘f'..x,n Si>tandx; < ”) = exp ( 2(v + Kt/3)> LalViDa

nnnnnnnnnnnnnnnnnnn
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Epoch-GD Expectation Bound High-probability Bound

Concentration Inequality I

Corollary 2
Suppose Y2 < v. Then, with a probability at least 1 — &

/ 1 2K 1
SI’IS 2y|ogg+?|og5
/ 1 1 1
< =
21/|og5 < 2a|0g5+ay, Ya >0

Note
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Epoch-GD Expectation Bound High-probability Bound

The Basic Idea

For any w € W, we have
F(we) — F(w)
A
<(VF(we), we —w) — S [|w —wlj3

A
=(gt, Wt — W) + (VF (W) — g, Wi —w) —§||Wt —wl3

St

Then, following the same analysis, we arrive at

.
1 A
F(r)F(W) < 5 |wa w3+ 567+ (Zat zznwt—w@

t=1 t=1

We are going to prove

T P loglog T
— 2
Sia=g 3w -wik o (2E5ET) .
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Analysis |

6t = <VF(W[) — Ot, Wy — W>
is a martingale difference sequence with
[6c] < [VF(We) = gtll2llwe — wllz < D([[VF (wi)ll2 + [|9t]2) < 2GD
where D could be a prior parameter or 2G/\ when w = w,
The sum of the conditional variances is upper bounded by

T

<4G® Y [we — w3
t=1
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Analysis I

B A straightforward way

Since
T

£F <4G? ) |we — w3
t=1
Following Bernstein’s inequality for martingales, with a probability at
least 1 — 9, we have

T
A 4G? 1 4 1
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Analysis I

® We need “Peeling”

@ Divide S, |wy —w/||2 € [0, TD?] in to a sequence of intervals

@ The initial: Y, [[w: — w||3 € [0,D?/T]
Since

0] < [[VE (W) = gell2]we — wll2 < 2G][we —wll

we have

T T
<2G ) |wi — w2 <2GVT | > wi — w3 < 2GD
t=1 t=1

T
>
t=1

@ Therest: 3, |wy —w|32 € (2-1D?/T,2'D?/T] where
i=1,...,[2log,T] L
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Analysis IV

Define
T

Ar = [w —w|3 < TD?
t=1

We are going to bound

;
2
Pr Z 5 > 2/ 4G2ATT + §2GDT +2GD
t=1
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G EWSIAY,

M—c

II
N

2
P 5 > 24/4G2A =2GD 2GD
r[t t > -|—‘r+3 T+ :|
T
4
=P 8 > 24/4G2A -GD 2GD,Ar < D?/T
f[;t_ Y TT+3 T+ TS /:|

.
4
+Pr|> 6 > 2\/4G2ArT + gGDT+ 2GD,D?/T < Ay < TD?
t=1

m T
4 D2 . D2
<D OPr > 22\/4(3-27ATT+§GDT+ZGD,Z% §4G2AT,?2' loAar < ?2'
i=1 =1
m

T . .
4G2p22i 4 4G2D?2
<> Pr S >/2——"r+-GD, T2 < —— " | <me 7
T 3 T T
= L= LAMDA

where m = [2log, T LearingAnd Mg romDath
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Analysis VI

By setting 7 = log T, with a probability at least 1 — 4,

;
4

> 0 <21/4G?Ar7 + ZGD7 +2GD

t=1

-
4
=2,|4G? (Z Jwy — w|§> 7+ 5GD7 + 2GD

t=1
Ay 2, 86" 4chr 26D
EE"Wt_WH2+TT+§ T+
Pyl loglog T
53w - wl +0 (“ELET)
t=1
where 2] T
og
7 =log 1 5 =log ==—:*— = O(loglog T) LaMpa
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