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Introduction

The Big Data Challenge

P The “three V'

" i the Volume, Variety and Velocity

of the data coming in is what creates the challenge.
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The estimated size of the digital universe in 2011 was
1.8 zettabytes. It is predicted that between 2009 and
2020, this will grow 44 fold to 35 zettabytes per year.
Awell defined data management strategy is essential
to successfully utilize Big Data.
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The 32nd International Conference on Machine Learning (ICML 2015)
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Deep Learning "‘%‘

Linear Optimization

Convex Optimization

Non-convex Optimization

Combinatorial Optimization

Stochastic Optimization
Approximate Optimization

Distributed Optimization
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Background

Supervised Learning
Input
@ Training data (X1,Y1),. ., (Xn,Yn) Where x; € RY and y; € R
Output
@ A hypothesis w, € W C RY such that
x'w, ~yorsgn(x'w,) ~y
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Background

Supervised Learning
Input
@ Training data (X1,Y1),. ., (Xn,Yn) Where x; € RY and y; € R
Output
@ A hypothesis w, € W C RY such that
x'w, ~yorsgn(x'w,) ~y

Empirical Risk Minimization

1 -
R ngﬁ(yi,xi w) + Q(w)

@ /(-,-)is aloss, e.g., hinge loss ¢(u,v) = max(0,1 — uv)
@ Q(:) is a regularizer, e.g., A||w||3 or Afw/||y LaANIDA
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Gradient Descent (GD)

Convex Optimization Problem

1 -
min n;ayhxi w) + Q(w)
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Gradient Descent (GD)

Convex Optimization Problem

1 -
min n;E(thi w) + Q(w)

Gradient Descent (GD)

cfort=1,2,...,T do
Wiy g = We =7 (5 5010 VAYI,Xi Twe) + VQ(wy))
Wit = nW(W{H)

end for

HRwbdbre
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Gradient Descent (GD)

Convex Optimization Problem

min HZ£ Vi, X W) 4+ Q(w)

Gradient Descent (GD)

fort=1,2,...,T do
Wiy g = We =7 (5 5010 VAYI,Xi Twe) + VQ(wy))
Wit = nW(W{H)

end for

Convergence Rates [Nesterov, 2004]

Convex & Smooth  Strongly Convex & Smooth
Rate O (+) — O (%) O (&) LA DA

ol !
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Vector-based Optimization Background Dual Random Projection

Gradient Descent (GD)

Convex Optimization Problem

1 -
min n;a)mxi w) + Q(w)

Gradient Descent (GD)
cfort=1,2,...,T do
W{+1 = Wt — 1t (% Zin:l VA(yi, i Twy) + VQ(Wt))

Wip1 = My(wi,,)
end for

HRwbdbre

Computational Cost
@ Time Complexity: O(nd) + O(poly(d))
@ Space Complexity: O(nd) LANIDA
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Vector-based Optimization Background Dual Random Projection

Gradient Descent (GD)

Convex Optimization Problem

1 -
min n;a)mxi w) + Q(w)

Gradient Descent (GD)

cfort=1,2,...,T do
Wiy g = We =7 (5 5010 VAYI,Xi Twe) + VQ(wy))
Wit = nW(W{H)

end for

HRwbdbre

The Challenge
@ Computationally expensive if both n and d are very large
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Vector-based Optimization Background Dual Random Projection

Randomized Algorithms

Random Sampling for Large n
@ Referred to as Stochastic Optimization

LAMDA
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Randomized Algorithms

Random Sampling for Large n
@ Referred to as Stochastic Optimization
@ Stochastic Gradient Descent (SGD)
1. fort=1,2,...,T do
2:  Sample a training instance (X;, y;j) randomly
3 Wiy =W — g (VYL X W) + V(W)

4. Wiyl = nw(W{_i_l)
5: end for
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Vector-based Optimization Background Dual Random Projection

Randomized Algorithms

Random Sampling for Large n

@ Referred to as Stochastic Optimization

@ Stochastic Gradient Descent (SGD)
1. fort=1,2,...,T do
2:  Sample a training instance (X;, y;j) randomly
3 Wiy =W — g (VYL X W) + V(W)
4 Wil = I_IW(W{-i-l)
5. end for

@ Slow convergence [Zhang et al., 2013a, Mahdavi et al., 2013]
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Randomized Algorithms

Random Sampling for Large n
@ Referred to as Stochastic Optimization
@ Stochastic Gradient Descent (SGD)
1. fort=1,2,...,T do
2:  Sample a training instance (X;, y;j) randomly
3 Wiy =W — g (VYL X W) + V(W)

4 Wiy = nW(W{H)
5: end for

@ Slow convergence [Zhang et al., 2013a, Mahdavi et al., 2013]

Random Projection for Large d
@ Reduce the dimensionality by random projection
@ Referred to as Stochastic Approximation

LANIDA

Learning And Mifing from Data
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Randomized Algorithms

Random Sampling for Large n
@ Referred to as Stochastic Optimization
@ Stochastic Gradient Descent (SGD)

1. fort=1,2,...,T do
2:  Sample a training instance (X;, y;j) randomly

3 Wiy =W — g (VYL X W) + V(W)
4 Wiy = nW(W{H)
5: end for

@ Slow convergence [Zhang et al., 2013a, Mahdavi et al., 2013]

Random Projection for Large d
@ Reduce the dimensionality by random projection
@ Referred to as Stochastic Approximation

@ Approximation error [Zhang et al., 2013b, Zhang et al., 2014IaTA DA
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Vector-based Optimization Background Dual Random Projection

Optimization after Random Projection

The Optimization Problem in RY

. 1 s T A 2
\;25131 n;ﬂ(yi,xi W)+§||W||2
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Vector-based Optimization Background Dual Random Projection

Optimization after Random Projection

The Optimization Problem in RY

A
min ,D Vi xTw) + 5wl

weRd N

The Procedure

© Reduce the dimensionality X; = ATx; € R™, where
A € RIXM and Aj ~ N(0,1/m)

@ Solve the primal problem in R™M

A
min {;e i 27%) + 5213

zeRM™ N

Time and space complexmes are reduced from O(nd) to O(nm)
© Compute w € RY by w = Az, LaNIpA
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Vector-based Optimization Background Dual Random Projection

Optimization after Random Projection

The Overall Idea
R% 3 x; > ATx; € R™

Random Projection

y Y
High-dimensional Low-dimensional

Problem Problem

Inverse Projection

R% 5 Az, « z, € R™

LAMpA

Learning And Mining from Data
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Vector-based Optimization Background Dual Random Projection

Optimization after Random Projection

The Overall Idea
R% 3 x; > ATx; € R™

Random Projection

@ N
High-dimensional Low-dimensional
Problem Problem

Inverse Projection

R% 5 Az, « z, € R™
Theorem 1 (A Bad News [Zhang et al., 2014])
With a probability at least 1 — 2-9+™ we have

W W*Hz—zcr Iw LalDA
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Outline

9 Vector-based Optimization

@ Dual Random Projection
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Vector-based Optimization Background Dual Random Projection

Dual Random Projection

Use Dual Problems to Connect Primal Problems
R% 2 x; > ATx; € R™

Random Projection

High-dimensional Low-dimensional |
Problem Problem

Dual Problem Dual Problem

2

LAMVDA

Learning And Mining from Data
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Vector-based Optimization Background Dual Random Projection

The Primal Problem in RY and Its Dual Problem

. A
min Zﬁy.,xw EHWH%

weRd N

max —ZE (i) — (aoy)TXTX((xoy)

acQ"
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Vector-based Optimization Background Dual Random Projection

The Primal Problem in RY and Its Dual Problem

A
min —Zﬁ Yi, X W) EHWH%

weRd N

max —ZE (i) — aoy)TXTX(aoy)

acQ"

The Primal Problem in R™ and Its Dual Problem

min = Zﬁ (vi,X z) + *||Z“2

zZeRM

BeQn

n 1
max — Zf*(@) - m(ﬁ © Y)TXTAATX (IB © Y)
i=1
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Vector-based Optimization Background Dual Random Projection

Dual Random Projection

Use Dual Problems to Connect Primal Problems
R% 2 x; > ATx; € R™

Random Projection

P N

High-dimensional Low-dimensional
Problem Problem
z, € R™
KKT |
B. € R"
a Y
Dual Problem ~ Dual Problem

LAMVDA

Learning And Mining from Data
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Dual Random Projection

Use Dual Problems to Connect Primal Problems
R% 2 x; > ATx; € R™

Random Projection

P N

High-dimensional Low-dimensional
Problem Problem
z, € R™
KKT |

R*'sa « B.€eR"

y Y

Dual Problem ~ Dual Problem
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Dual Random Projection

Use Dual Problems to Connect Primal Problems
R% 2 x; > ATx; € R™

Random Projection

P N

High-dimensional Low-dimensional
Problem Problem
R 3 W z, € R™
T KKT KKT |

R*'sa « B.€eR"

y Y

Dual Problem ~ Dual Problem

LAMVDA
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Vector-based Optimization Background Dual Random Projection

Theoretical Guarantees

Low-rank Assumption
r = rank(X) < min(d, n).

Theorem 2 (A Good News[Zhang et al., 2013b, Zhang et al., 2014])

For any 0 < e < 1/2, with a probability at least 1 — §, we have
. €
- * < — * 9
W =Wl < T—lIw. 2
provided
r +1)log(2r/é)

(
m >
ce?

9

where constant c is at least 1/4.
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Vector-based Optimization Background Dual Random Projection

Theoretical Guarantees

Low-rank Assumption
r = rank(X) < min(d, n).

Theorem 2 (A Good News[Zhang et al., 2013b, Zhang et al., 2014])

For any 0 < e < 1/2, with a probability at least 1 — §, we have
. €
- * < — * 9
W =Wl < T—lIw. 2
provided
r +1)log(2r/é)

(
m >
ce?

9

where constant c is at least 1/4.

Implication

To accurately recover w,, the number of required random L
projections is Q(r logr).
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Vector-based Optimization Background Dual Random Projection

Experimental Results |

@ A 20,000 x 50,000 data matrix with rank 10.
@ The reconstruction error
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Vector-based Optimization Background Dual Random Projection

Experimental Results Il

@ A 20,000 x 50,000 data matrix with rank 10.
@ The running time

300¢
D
o 200(
£
|_
100} —DRP
---RP
-~ Baseline
O L L I
500 1000 1500

m

http://cs.nju.edu.cn/zlj Randomized Algorithms

LAMpa

Learning And Mining from Data



http://cs.nju.edu.cn/zlj

Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Outline

e Matrix-based Optimization
@ Background
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Background

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

@ Both m and n can be very large
@ The optimal solution W, is low-rank

LAMpDA

Learning And Mining from Data
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Background

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

@ Both m and n can be very large
@ The optimal solution W, is low-rank

Low-rank Matrix Completion

min F(W)= )" (Wj— M)+ A[W]|.
WeRm® (i))eQ

@ There are m users and n items
@ M € R™*" is the underlying user-item rating matrix
@ Qs the set of observed indices

LAIVIDA

Learning And Mining from Data
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Background

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

@ Both m and n can be very large
@ The optimal solution W, is low-rank

Low-rank Matrix Approximation
min F(W)=d(W,M)+ \[|W|.
inF(W) = d(W. M) + AW
@ M € R™ " is a given matrix
@ d(-,-) is a distance function, such as
d(W,M) = [W —M[Z, W —M]|;

LAVIDA

Learning And Mining from Data
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Background

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

@ Both m and n can be very large
@ The optimal solution W, is low-rank

Multi-class Classification

Ty.
WrenR!glxk . Zlog 1+ ) exp (w Xi — wyix.) + AW+
ieV\{yi}
o W = [wy,...,wy] € R9*K is a set of k classifiers
o Y ={1,2,...,k} is the set of class labels
i LANIDA
@ (X1,Y1),--.,(Xn,Yyn) are training data wafsten s
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Proximal Gradient Descent (PGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

LAMpDA

Learning And Miing from Data
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Proximal Gradient Descent (PGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

Proximal Gradient Descent (PGD)
1. fort=1,2,...,T do
2:

1
Wiyq = argmin = W — (Wi = nePF (Wo)[[2 + mA W .
W eRmMxn

3: end for
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Proximal Gradient Descent (PGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

Proximal Gradient Descent (PGD)
1. fort=1,2,...,T do
2:
1
W1 = argmin 2 [W — (We = i VE(W)[Z + AW .
W eRmxn
3: end for

Convergence Rates [Nesterov, 2007]

Convex & Smooth  Strongly Convex & Smooth
Rate O (3) = O (r2) O (3r) LANIoa

nd Mifling rom DatA
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Implementation Of PGD

Solution of PGD [Cai et al., 2010]

1
W;y1 =argmin -
W eRmxn 2

=Dy [Wt — e VE(Wy)]

IW = (We = me V(W) IR + e AW
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Implementation Of PGD

Solution of PGD [Cai et al., 2010]

1
W;y1 =argmin -
W eRmxn 2

=Dy [Wt — e VE(Wy)]

IW = (We = me V(W) IR + e AW

Singular Value Shrinkage (SVS) Operator
For a matrix Y € R™*" with singular value decomposition (SVD)
Y =UzV'
where
U =[us,...,us], X =diag[oy,...,o¢], andV = [vq,...,Vv(].
The SVS operator with threshold X is defined as
DAYI= > (oi = Nupv/ LaNiba

;o>\ Learing And iin rm Dath
oy
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Matrix-based Optimiza,  Background Stochastic Proximal Gradient Descent

Implementation Of PGD

Solution of PGD [Cai et al., 2010]

1
W;y1 =argmin -
W eRmxn 2

=Dy [Wt — e VE(Wy)]

IW = (We = me V(W) IR + e AW

Computational Cost
@ Space Complexity: O(mn)
@ Time Complexity: O(mn?) or O(m?n)
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Implementation Of PGD

Solution of PGD [Cai et al., 2010]

1
W;y1 =argmin -
W eRmxn 2

=Dy [Wt — e VE(Wy)]

IW = (We = me V(W) IR + e AW

Computational Cost
@ Space Complexity: O(mn)
@ Time Complexity: O(mn?) or O(m?n)

The Challenge
@ Expensive if both m and n are very large
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Outline

e Matrix-based Optimization

@ Stochastic Proximal Gradient Descent

LAMpa

Learning And Mining from Data
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Stochastic Proximal Gradient Descent (SPGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW
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Stochastic Proximal Gradient Descent (SPGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

The Algorithm [Zhang et al., 2015]

1. fort=1,2,...,T do R
2 Generate a low-rank stochastic gradient G; of f(-) at W;

.1 ~ 12
W, = argmin > HW — (Wy — nth)H + AW |«
W eRmxn .
4: end for
5: return WT+1
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Stochastic Proximal Gradient Descent (SPGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

The Algorithm [Zhang et al., 2015]

1. fort=1,2,...,T do R
2 Generate a low-rank stochastic gradient G; of f(-) at W,

.1 ~ 12
W, = argmin > HW — (Wy — nth)H + AW |«
W eRmxn .
4: end for
5: return WT+1
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Stochastic Proximal Gradient Descent (SPGD)

Nuclear Norm Regularized Optimization over Matrices

min F(W)=f(W AW |«
in F(W) = F(W) + AW

The Algorithm [Zhang et al., 2015]
1. fort=1,2,...,T do R
2 Generate a low-rank stochastic gradient G; of f(-) at W,

2
W, 1 = argmin = HW (W — mGt)H + AW |«
WERan F

4: end for
5: return Wr,1

Efficient Implementation

@ The above problem can be solved by incremental SVD th
O((m + n)r) space and O((m + n)r?) time .
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Implementation—Low-rank Stochastic Gradient ét

Random Sampling [Avron et al., 2012]
@ Low-rank

[0100000] x7

Q

Ge = V(W) Gt
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Implementation—Low-rank Stochastic Gradient ét

Random Sampling [Avron et al., 2012]
@ Low-rank

[0100000] x7

Q

Gy = V(W) G,
@ Stochastic G; = E[ét]
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Implementation—Low-rank Stochastic Gradient ét

Random Sampling [Avron et al., 2012]

@ Low-rank
0100000] -
[0001000 X3
0000001
X
Gy =Vf(Wy) Gt

@ Stochastic G; = E[ét]
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Implementation—Low-rank Stochastic Gradient ét

Random Sampling [Avron et al., 2012]

@ Low-rank
0100000] -
[0001000 X3
0000001
X
Gy =Vf(Wy) Gt

@ Stochastic G; = E[ét]

Random Projection [Chen et al., 2014]

@ Generate a random matrix Z € R"k such that E[zZ 7] = |
ét = GtZZT == (GtZ)ZT Leﬂmlﬁﬂ'ﬂllwwmﬂau
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Implementation—SPGD

Solution of SPGD [Cai et al., 2010]

1 2
W43 = argmin > HW (W — nth)H AW
W eRmMxn F

=Dy [Wt — ntét]

LAMpDA

Learning And Miing from Data
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Implementation—SPGD

Solution of SPGD [Cai et al., 2010]

1 2
W43 = argmin > HW (W — nth)H AW
W eRmMxn F

=Dy [Wt — ntét]

Procedure
© Calculate the SVD of W/, ; = W — ntét
@ Incremental SVD [Brand, 2006, Section 2]
Q Calculate W1 = Dy, [W/, 4]

LAMDA

Learning And Miing from Data
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Implementation—SPGD

Solution of SPGD [Cai et al., 2010]

1 2
W43 = argmin > HW (W — nth)H AW
W eRmMxn F

=Dy [Wt — ntét]

Procedure
© Calculate the SVD of W/, ; = W — ntét
@ Incremental SVD [Brand, 2006, Section 2]
Q Calculate W1 = Dy, [W/, 4]

Computational Complexities

@ Time complexity: O ((m + n)(r + k)2 + (r +k)3)
@ Space complexity: O ((m + n)(r + k)) LAQA
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Convergence Rates

Theorem 3 (General convex functions [Zhang et al., 2015])

Assume E[HétHE] is upper bounded. Setting 7 = 1/v/t, we

have -
E[F (W) — F(W,)] <O (‘%)

where W, is the optimal solution.
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Convergence Rates

Theorem 3 (General convex functions [Zhang et al., 2015])

Assume E[HétHE] is upper bounded. Setting 7 = 1/v/t, we
have

E[F(Wr) — F(W )1<o("§’§)

where W, is the optimal solution.

Theorem 4 (Strongly convex functions [Zhang et al., 2015])

Suppose f(-) is strongly convex, and E[||ét\|§] is upper
bounded. Setting n; = 1/(ut), we have

E[F (W) — F(W,)] <O ('09T>
where W, is the optimal solution. LaANIDA
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Kernel PCA

Traditional Algorithm of Kernel PCA

@ Construct a kernel matrix K € R™" with Kjj = x(xi, X;)
@ Calculate the top eigenvectors and eigenvalues of K

@ Space complexity: O(n?); Time complexity: O(n®)

LAMpDA

Learning And Mining from Data
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Kernel PCA

Traditional Algorithm of Kernel PCA

@ Construct a kernel matrix K € R™" with Kjj = x(xi, X;)
@ Calculate the top eigenvectors and eigenvalues of K

@ Space complexity: O(n?); Time complexity: O(n®)

Nuclear Norm Regularized Least Squares
1
min =W — K2 + \[|W].
min SIW =K+ AW
@ Top eigensystems of K = UAU T can be recovered from
W, =Dy[K] = > (A — \uiu;|
A >A

LaMDA

Learning And Mining from Data
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Application to Kernel PCA

Nuclear Norm Regularized Least Squares

1
min = |W — K||2 + \[|W][,
i 2H IE + AW |

Stochastic Proximal Gradient Descent [Zhang et al., 2016]

1. fort=1,2,...,T do N
2:  Calculate a low-rank stochastic gradient G; = Wy — ¢

3: rank(§) < nand E[¢] = K
1 ~ |12
Wi, 1 = argmin > HW — (Wt — nth)H + AW«
WeRan F

=D [(1 — )Wt — mié]

4: end for
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Experimental Results (I)

@ The Magic data set (n = 19,020)
@ The rank of each iterate

200t
o= -_‘.\—“\: ‘-—-\-;-‘-‘- ‘_-, ---- gy
1501 770"
S ;o A=10,k=5
% ol —e=A=10, k=50
= 1005 4 SR IR A=100, k=5
g | — =100, k = 50
'
5Ofr TS e L
[RREUEE
|
n
50 100 150 200 LAMpa
t Learning And Mining from DatA.
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Experimental Results (Il)

@ The Magic data set (h = 19, 020)
@ The optimization error
x10°
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Conclusion and Future Work

Randomized Algorithms
@ /,-norm Regularized Convex Optimization
@ An approximate algorithm based on random projection

@ Nuclear-norm Regularized Convex Optimization
@ An iterative algorithm based on random sampling
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Conclusion and Future Work

Randomized Algorithms
@ /,-norm Regularized Convex Optimization
@ An approximate algorithm based on random projection

@ Nuclear-norm Regularized Convex Optimization
@ An iterative algorithm based on random sampling

Future Work
@ Design random algorithms for non-convex problems

min —ny,,x w) + Q(w)

weRd N

@ Non-convex loss: ramp Ioss

@ Non-convex regularizer: || - |lo, Rank(-)

nnnnnnnnnnnnnnnnnnnnnn
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