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Convergence Rates [Nesterov, 2004]
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)
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5: end for

Slow convergence [Zhang et al., 2013a, Mahdavi et al., 2013]

Random Projection for Large d

Reduce the dimensionality by random projection

Referred to as Stochastic Approximation

Approximation error [Zhang et al., 2013b, Zhang et al., 2014]
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Optimization after Random Projection

The Optimization Problem in R
d

min
w∈Rd

1
n

n∑

i=1

ℓ(yi , x⊤
i w) +

λ

2
‖w‖2

2

The Procedure
1 Reduce the dimensionality x̂i = A⊤xi ∈ R

m, where
A ∈ R

d×m and Aij ∼ N (0, 1/m)

2 Solve the primal problem in R
m

min
z∈Rm

1
n

n∑

i=1

ℓ(yi , z⊤x̂i) +
λ

2
‖z‖2

2

Time and space complexities are reduced from O(nd) to O(nm)

3 Compute ŵ ∈ R
d by ŵ = Az∗
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Optimization after Random Projection

The Overall Idea

High-dimensional

Problem

Low-dimensional

Problem

Random Projection

Inverse Projection

Theorem 1 (A Bad News [Zhang et al., 2014])

With a probability at least 1 − 2−d+m, we have

‖ŵ − w∗‖2 ≥ 1
2c

√
d − m

d
‖w∗‖2
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The Primal Problem in R
d and Its Dual Problem

min
w∈Rd

1
n

n∑

i=1

ℓ(yi , x⊤
i w) +

λ

2
‖w‖2

2

max
α∈Ωn

−
n∑

i=1

ℓ∗(αi)−
1

2nλ
(α ◦ y)⊤X⊤X (α ◦ y)

The Primal Problem in R
m and Its Dual Problem

min
z∈Rm

1
n

n∑

i=1

ℓ(yi , x̂⊤
i z) +

λ

2
‖z‖2

2

max
β∈Ωn

−
n∑

i=1

ℓ∗(βi)−
1

2λn
(β ◦ y)⊤X⊤AA⊤X (β ◦ y)
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Theoretical Guarantees

Low-rank Assumption

r = rank(X ) ≪ min(d , n).

Theorem 2 (A Good News[Zhang et al., 2013b, Zhang et al., 2014])

For any 0 < ǫ ≤ 1/2, with a probability at least 1 − δ, we have

‖w̃ − w∗‖2 ≤ ǫ

1 − ǫ
‖w∗‖2,

provided

m ≥ (r + 1) log(2r/δ)
cǫ2 ,

where constant c is at least 1/4.

Implication

To accurately recover w∗, the number of required random
projections is Ω(r log r).
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Experimental Results I
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Experimental Results II

A 20, 000 × 50, 000 data matrix with rank 10.
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Background

Nuclear Norm Regularized Optimization over Matrices

min
W∈Rm×n

F (W ) = f (W ) + λ‖W‖∗
Both m and n can be very large

The optimal solution W∗ is low-rank

Low-rank Matrix Completion

min
W∈Rm×n

F (W ) =
∑

(i,j)∈Ω

(Wij − Mij)
2 + λ‖W‖∗

There are m users and n items

M ∈ R
m×n is the underlying user-item rating matrix

Ω is the set of observed indices
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Background

Nuclear Norm Regularized Optimization over Matrices

min
W∈Rm×n

F (W ) = f (W ) + λ‖W‖∗
Both m and n can be very large

The optimal solution W∗ is low-rank

Low-rank Matrix Approximation

min
W∈Rm×n

F (W ) = d(W ,M) + λ‖W‖∗

M ∈ R
m×n is a given matrix

d(·, ·) is a distance function, such as

d(W ,M) = ‖W − M‖2
F , ‖W − M‖1
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Background

Nuclear Norm Regularized Optimization over Matrices

min
W∈Rm×n

F (W ) = f (W ) + λ‖W‖∗
Both m and n can be very large

The optimal solution W∗ is low-rank

Multi-class Classification

min
W∈Rd×k

1
n

n∑

i=1

log


1 +

∑

j∈Y\{yi}

exp
(

w⊤
j xi − w⊤

yi
xi

)

+ λ‖W‖∗

W = [w1, . . . ,wk ] ∈ R
d×k is a set of k classifiers

Y = {1, 2, . . . , k} is the set of class labels

(x1, y1), . . . , (xn, yn) are training data
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Proximal Gradient Descent (PGD)

Nuclear Norm Regularized Optimization over Matrices

min
W∈Rm×n

F (W ) = f (W ) + λ‖W‖∗

Proximal Gradient Descent (PGD)

1: for t = 1, 2, . . . ,T do
2:

Wt+1 = argmin
W∈Rm×n

1
2
‖W − (Wt − ηt∇f (Wt))‖2

F + ηtλ‖W‖∗

3: end for

Convergence Rates [Nesterov, 2007]

Convex & Smooth Strongly Convex & Smooth

Rate O
( 1

T

)
→ O

( 1
T 2

)
O
( 1
αT

)
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Implementation Of PGD

Solution of PGD [Cai et al., 2010]

Wt+1 = argmin
W∈Rm×n

1
2
‖W − (Wt − ηt∇f (Wt))‖2

F + ηtλ‖W‖∗

=Dληt [Wt − ηt∇f (Wt)]

Singular Value Shrinkage (SVS) Operator

For a matrix Y ∈ R
m×n with singular value decomposition (SVD)

Y = UΣV⊤

where

U = [u1, . . . ,ur ], Σ = diag[σ1, . . . , σr ], and V = [v1, . . . , vr ].

The SVS operator with threshold λ is defined as

Dλ[Y ] =
∑

i:σi≥λ

(σi − λ)uiv⊤
i
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Implementation Of PGD

Solution of PGD [Cai et al., 2010]

Wt+1 = argmin
W∈Rm×n

1
2
‖W − (Wt − ηt∇f (Wt))‖2

F + ηtλ‖W‖∗

=Dληt [Wt − ηt∇f (Wt)]

Computational Cost

Space Complexity: O(mn)

Time Complexity: O(mn2) or O(m2n)
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Implementation Of PGD

Solution of PGD [Cai et al., 2010]

Wt+1 = argmin
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1
2
‖W − (Wt − ηt∇f (Wt))‖2

F + ηtλ‖W‖∗

=Dληt [Wt − ηt∇f (Wt)]

Computational Cost

Space Complexity: O(mn)

Time Complexity: O(mn2) or O(m2n)

The Challenge

Expensive if both m and n are very large
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Stochastic Proximal Gradient Descent (SPGD)

Nuclear Norm Regularized Optimization over Matrices

min
W∈Rm×n

F (W ) = f (W ) + λ‖W‖∗

The Algorithm [Zhang et al., 2015]

1: for t = 1, 2, . . . ,T do
2: Generate a low-rank stochastic gradient Ĝt of f (·) at Wt3:

Wt+1 = argmin
W∈Rm×n

1
2

∥∥∥W − (Wt − ηtĜt)
∥∥∥

2

F
+ ηtλ‖W‖∗

4: end for
5: return WT+1

Efficient Implementation

The above problem can be solved by incremental SVD with
O((m + n)r) space and O((m + n)r2) time
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Implementation—Low-rank Stochastic Gradient Ĝt

Random Sampling [Avron et al., 2012]

Low-rank

7

Stochastic Gt = E[Ĝt ]

Random Projection [Chen et al., 2014]

Generate a random matrix Z ∈ R
n×k such that E[ZZ⊤] = I

Ĝt = GtZZ⊤ = (GtZ )Z⊤
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Random Projection [Chen et al., 2014]

Generate a random matrix Z ∈ R
n×k such that E[ZZ⊤] = I
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Implementation—SPGD

Solution of SPGD [Cai et al., 2010]

Wt+1 = argmin
W∈Rm×n

1
2

∥∥∥W − (Wt − ηtĜt)
∥∥∥

2

F
+ ηtλ‖W‖∗

=Dληt [Wt − ηtĜt ]

Procedure

1 Calculate the SVD of W ′
t+1 = Wt − ηtĜt

Incremental SVD [Brand, 2006, Section 2]

2 Calculate Wt+1 = Dληt [W
′
t+1]

Computational Complexities

Time complexity: O
(
(m + n)(r + k)2 + (r + k)3

)

Space complexity: O ((m + n)(r + k))
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Procedure

1 Calculate the SVD of W ′
t+1 = Wt − ηtĜt
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Convergence Rates

Theorem 3 (General convex functions [Zhang et al., 2015])

Assume E[‖Ĝt‖2
F ] is upper bounded. Setting ηt = 1/

√
t , we

have

E [F (WT )− F (W∗)] ≤ O
(

log T√
T

)

where W∗ is the optimal solution.

Theorem 4 (Strongly convex functions [Zhang et al., 2015])

Suppose f (·) is strongly convex, and E[‖Ĝt‖2
F ] is upper

bounded. Setting ηt = 1/(µt), we have

E [F (WT )− F (W∗)] ≤ O
(

log T
T

)

where W∗ is the optimal solution.
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Kernel PCA

Traditional Algorithm of Kernel PCA

1 Construct a kernel matrix K ∈ Rn×n with Kij = κ(xi , xj)

2 Calculate the top eigenvectors and eigenvalues of K

Space complexity: O(n2); Time complexity: O(n3)

Nuclear Norm Regularized Least Squares

min
W∈Rn×n

1
2
‖W − K‖2

F + λ‖W‖∗

Top eigensystems of K = UΛU⊤ can be recovered from

W∗ = Dλ[K ] =
∑

i:λi>λ

(λi − λ)uiu⊤
i
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Application to Kernel PCA

Nuclear Norm Regularized Least Squares

min
W∈Rn×n

1
2
‖W − K‖2

F + λ‖W‖∗

Stochastic Proximal Gradient Descent [Zhang et al., 2016]

1: for t = 1, 2, . . . ,T do
2: Calculate a low-rank stochastic gradient Ĝt = Wt − ξ

rank(ξ) ≪ n and E[ξ] = K3:

Wt+1 = argmin
W∈Rm×n

1
2

∥∥∥W − (Wt − ηtĜt)
∥∥∥

2

F
+ ηtλ‖W‖∗

=Dληt [(1 − ηt)Wt − ηtξ]

4: end for
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Experimental Results (I)

The Magic data set (n = 19, 020)

The rank of each iterate
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Experimental Results (II)

The Magic data set (n = 19, 020)
The optimization error
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Conclusion and Future Work

Randomized Algorithms

ℓ2-norm Regularized Convex Optimization
An approximate algorithm based on random projection

Nuclear-norm Regularized Convex Optimization
An iterative algorithm based on random sampling

Future Work

Design random algorithms for non-convex problems

min
w∈Rd

1
n

n∑

i=1

ℓ(yi , x⊤
i w) + Ω(w)

Non-convex loss: ramp loss

Non-convex regularizer: ‖ · ‖0, Rank(·)
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