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Online Learning

Online Learning [Shalev-Shwartz, 2011]

Online learning is the process of answering a sequence of
guestions given (maybe partial) knowledge of answers
to previous questions and possibly additional information.
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Online Learning [Shalev-Shwartz, 2011]
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Online Learning

Online Learning [Shalev-Shwartz, 2011]

Online learning is the process of answering a sequence of
guestions given (maybe partial) knowledge of answers
to previous questions and possibly additional information.
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Online Learning

Online Learning [Shalev-Shwartz, 2011]

Online learning is the process of answering a sequence of
guestions given (maybe partial) knowledge of answers
to previous questions and possibly additional information.
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Formal Definitions

Online Learning
1. fort=1,2,...,T do

4: end for
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Formal Definitions

Online Learning

1. fort=1,2,...,T do
2:  Learner picks a decision x; € X
Adversary chooses a function f;(-)

4: end for )
+ d
- A classifier + _Xt_E R
N~ —
~ An example (z;,y;) € R% x {1}
Aloss f(x) = max(1 — y;x"z;, 0)
Learner Adversary
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Formal Definitions

Online Learning

1. fort=1,2,...,T do
2:  Learner picks a decision x; € X
Adversary chooses a function f;(-)
3:  Learner suffers loss fi(X;) and updates Xx;
4: end for
+ d
- A classifier + _Xt_E R
\ =
-~ An example (z;,y;) € R% x {+1}
Aloss f;(x) = max(1 — y,x"z,0)
Learner Adversary
Suffer f;(X;) and update x;
LAMDA
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Formal Definitions

Online Learning
1. fort=1,2,...,T do
2:  Learner picks a decision x; € X
Adversary chooses a function f;(-)
3:  Learner suffers loss fi(X;) and updates Xx;
4: end for

Cumulative Loss

.
Cumulative Loss = ) _ fi(x)
t=1
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Introduction Online Learning Regret

Formal Definitions

Online Learning
1. fort=1,2,...,T do
2:  Learner picks a decision x; € X
Adversary chooses a function f;(-)
3:  Learner suffers loss fi(X;) and updates Xx;
4: end for

Cumulative Loss

=
Cumulative Loss = » _fi(xt)
t=1
@ Full-Information Online Learning
@ Learner observes the function f;(-)
@ Online first-order optimization
@ Bandit Online Learning

@ Learner only observes the value of f;(x;) I-AMQA
@ Online zero-order optimization
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Regret

Cumulative Loss

.
Cumulative Loss =) _ fi(x)
t=1
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Regret

Cumulative Loss

.
Cumulative Loss =) _ fi(x)
t=1

Regret

Regret = > fi(x) - min> fi(x)
-1
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Regret

Cumulative Loss

.
Cumulative Loss =) _ fi(x)
t=1

Regret
=

T
Regret = E fr(Xt) - min E fi(x)
XeX
t=1 t=1
N—— N———
Cumulative Loss of Online Learner Minimal Lossin Batch Learner

LAMDA
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Regret

Cumulative Loss

.
Cumulative Loss =) _ fi(x)
t=1

Regret
=

.
Regret = > fi(x) - min > fi(x)
t=1

t=1 =
—— N———
Cumulative Loss of Online Learner Minimal Lossin Batch Learner

Hannan Consistent

.
lim sup - th xt) —min Y "fi(x) | =0, with probability 1
T—oo XeX t=1 L M
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Regret

Cumulative Loss

.
Cumulative Loss =) _ fi(x)
t=1

Regret
=

T
Regret = E fr(Xt) - min E fi(x)
XeX
t=1 t=1
N—— N———
Cumulative Loss of Online Learner Minimal Lossin Batch Learner

Hannan Consistent

T T

E fi(xt) — miQ E ft(x) = o(T), with probability 1
Xe

t=1 t=1

LANIDA
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State-of-the-Art in Full-Information Setting (I)

B Online Gradient Descent
1. fort=1,2,...,T do
2:  Learner picks a decision x; € X
Adversary chooses a function f(-)
3:  Learner suffers loss fi(x;) and
X1 = M (Xe — m Vi (xt))
4: end for
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State-of-the-Art in Full-Information Setting (I)

® Online Gradient Descent

1. fort=1,2,...,T do

2:  Learner picks a decision x; € X
Adversary chooses a function f(-)

3:  Learner suffers loss fi(x;) and

X1 = Mx (X¢ — 7t Vi (xt))

4: end for
Round e t
Learner .- Xt
Adversary --- | fi(-)
Loss | fe(Xe) LAMDA
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State-of-the-Art in Full-Information Setting (I)

® Online Gradient Descent

1. fort=1,2,...,T do

2:  Learner picks a decision x; € X
Adversary chooses a function f(-)

3:  Learner suffers loss fi(x;) and

X1 = Mx (X¢ — 7t Vi (xt))

4: end for
Round e t t+1
Learner .- Xt
Adversary --- | f(") fira(:)
Loss o | (%) fir1(Xey1) LAVIDA
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State-of-the-Art in Full-Information Setting (I)

® Online Gradient Descent

1. fort=1,2,...,T do

2:  Learner picks a decision x; € X
Adversary chooses a function f(-)

3:  Learner suffers loss fi(x;) and

X1 = Mx (X¢ — 7t Vi (xt))

4: end for
Round e t t+1
Learner  --- Xt | Xey1 = argminyy fii1(X)
Adversary --- | f(") fira(:)
Loss o | (%) fir1(Xey1) LAVIDA
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State-of-the-Art in Full-Information Setting (I)

® Online Gradient Descent

1. fort=1,2,...,T do

2:  Learner picks a decision x; € X
Adversary chooses a function f(-)

3:  Learner suffers loss fi(x;) and

X1 = Mx (X¢ — 7t Vi (xt))

4: end for
Round e t t+1
Learner s Xt Xty = My (Xt — ntvft—i-l(xt))
Adversary --- | f(") fira(:)
Loss | fe(Xe) frra(Xts1) LAMDA
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2:  Learner picks a decision x; € X
Adversary chooses a function f(-)

3:  Learner suffers loss fi(x;) and

X1 = Mx (X¢ — 7t Vi (xt))

4: end for
Round e t t+1
Learner s Xt Xty = My (Xt — ntVft (Xt))
Adversary --- | f(") fira(:)
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State-of-the-Art in Full-Information Setting (II)

B Convex Functions [Zinkevich, 2003]
@ Online Gradient Descent with iy = 1/+/t
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Introduction Online Learning Regret

State-of-the-Art in Full-Information Setting (II)

B Convex Functions [Zinkevich, 2003]
@ Online Gradient Descent with iy = 1/+/t

>t 309 < T (VT - ) 07 —0 (v1)

2

B Strongly Convex Functions [Hazan et al., 2007]
@ Online Gradient Descent with ny = 1/(At)

.
> fi(x) manft <—1+IogT) O (logT)

http://cs.nju.edu.cn/zlj Online Learning


http://cs.nju.edu.cn/zlj

Introduction Online Learning Regret

State-of-the-Art in Full-Information Setting (II)

B Convex Functions [Zinkevich, 2003]
@ Online Gradient Descent with iy = 1/+/t

>t 309 < T (VT - ) 07 —0 (v1)

2
B Strongly Convex Functions [Hazan et al., 2007]
@ Online Gradient Descent with ny = 1/(At)

.
> fi(x) manft <—1+IogT) O (logT)

B Exponentially Concave Functions [Hazan et al., 2007]

B Convex and Smooth Functions [Srebro et al., 2010]

B Sparse Online Learning [Langford et al., 2009]

B Online Classification [Freund and Schapire, 1999] LAN.QA
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Introduction Online Learning Regret

State-of-the-Art in Full-Information Setting (II)

B Convex Functions [Zinkevich, 2003]
@ Online Gradient Descent with iy = 1/+/t

if‘(x‘)‘i‘l@ift(x) <2 (v -

t=1

1 2 _

5) G2=0 (ﬁ)
Two Characteristics

B Strongly @ Updating only once per round

@ Online @ A decreasing step size

.
> fi(x) manft <—1+IogT) O (logT)

B Exponentially Concave Functions [Hazan et al., 2007]

B Convex and Smooth Functions [Srebro et al., 2010]

B Sparse Online Learning [Langford et al., 2009]

B Online Classification [Freund and Schapire, 1999] LANQA
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

A Paradox

B The Ideal Algorithm

Xtr1 = My (Xt — mVi11(Xt))

B Online Gradient Descent is Imperfect
X1 = M (X¢ = e Vi (xt))

@ Fail if fy and f;; differ much
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A Paradox

B The Ideal Algorithm

Xtr1 = My (Xt — mVi11(Xt))

B Online Gradient Descent is Imperfect
X1 = M (X¢ = e Vi (xt))

@ Fail if fy and f;; differ much

B Its Theoretical Guarantees are Strong

! & O (ﬁ ) , Convex Functions
D fi(xe)—min > “fi(x) <
=1 xex = O (log T), Strongly Convex Functions
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Dynamic Regret

Regret

T T
Regret = > " fi(xt) — )r(r;i)r(lth(x)
t=1

t=1
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Dynamic Regret

Regret — Static Regret

T T
Regret = > " fi(xt) — )r(r;i)r(lth(x)
t=1

t=1

B The Rationale of Regret
@ One of the decision is reasonably good during T rounds
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Dynamic Regret

Regret — Static Regret

T T
Regret = > " fi(xt) — )r(r;i)r(lth(x)
t=1

t=1

B The Rationale of Regret
@ One of the decision is reasonably good during T rounds

B Dynamic Environment
@ Different decisions will be good in different periods
@ E.g. online tracking, online advertising, portfolio investment

LAMVDA
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http://cs.nju.edu.cn/zlj Online Learning


http://cs.nju.edu.cn/zlj

Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Dynamic Regret

Regret — Static Regret

T T
Regret = > " fi(xt) — )r(r;i)r(lth(x)
t=1

t=1

B The Rationale of Regret
@ One of the decision is reasonably good during T rounds

B Dynamic Environment
@ Different decisions will be good in different periods
@ E.g. online tracking, online advertising, portfolio investment

Dynamic Regret

.
Dynamic Regret = Z f(X¢) Z m|n f (x)
t=1 LANIDA
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Dynamic Regret

Regret — Static Regret

B The Rationale of Regret
@ One of the decision is reasonably good during T rounds

B Dynamic Environment
@ Different decisions will be good in different periods
@ E.g. online tracking, online advertising, portfolio investment

Dynamic Regret

T

Dynamic Regret = ) fi(x) —
t=1
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

The Challenge

Sublinear Dynamic Regret is Impossible in General!
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The Challenge

Sublinear Dynamic Regret is Impossible in General!

B An Example—A Random Adversary

1. fort=1,2,...,T do

2. Learner picks a decision x; € R

3. Adversary chooses (x — 1)? and (x + 1)? randomly
4: end for

LAMpa
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The Challenge

Sublinear Dynamic Regret is Impossible in General!

B An Example—A Random Adversary

1. fort=1,2,...,T do

2. Learner picks a decision x; € R

3. Adversary chooses (x — 1)? and (x + 1)? randomly
4: end for

@ The expectation of dynamic regret at t-th round

% ((xt 12 4 (% + 1)2) - % (mxin(x — 1)+ min(x + 1)2)
=xZ+1>1

http://cs.nju.edu.cn/zlj Online Learning


http://cs.nju.edu.cn/zlj

Dynamic Environment Dynamic Regret Gradient Descent Newton Update

The Challenge

Sublinear Dynamic Regret is Impossible in General!

B An Example—A Random Adversary

1. fort=1,2,...,T do

2. Learner picks a decision x; € R

3. Adversary chooses (x — 1)? and (x + 1)? randomly
4: end for

@ The expectation of dynamic regret at t-th round

E 2 2 1 : 2 . 2
> ((xt—l) + (Xt +1) ) -5 <rr1(|n(x—1) +n}(|n(x+1) )
=xZ+1>1
°
T T
E[th(xt)—ZmXinft(x)] >T LaVbA
t=1 t=1 1 e .
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Make the Impossible Possible

Dynamic Regret

T
tz_;ft(xt Z)r(ry)gft th(xt) — th(xf)

where x; € argmin, . fi(x).

LAMpa
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Make the Impossible Possible

Dynamic Regret

T
tz_;ft(xt Z)r(ry)gft th(xt) — th(xf)

where x; € argmin, . fi(x).

B Assumptions
@ Functional Variation [Besbes et al., 2015]

T T
Fri= DI ~fa()lloe = 3 max () — fs(x)
t=2 t=2

@ Path-length [Mokhtari et al., 2016]

.
Pri= X — x4l LAMDA
t=2

Learning And Mining from Data
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Existing Results (1)

B Functional Variation [Besbes et al., 2015]
@ For any fy,...,ft such that

T
= f —fi_ <V

F1 ;rpe%z(’t(x) t—1(X)] < V1
the restarted online gradient descent (with input V1)
satisfies
o) (T 2/3yy 1/ 3) , Convex Functions
Dynamic Regret <
0] (Iog T \/TVT) , Strongly Convex Functions

@ Dynamic regret is sublinear if V1 is sublinear
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Existing Results (1)

B Functional Variation [Besbes et al., 2015]
@ For any fy,...,ft such that

T
Fr = max |fi(x) — fi_1(X)| <V
T ;XGXM ) —foa(X)[ < Vr
the restarted online gradient descent (with input V1)
satisfies

0 (T 2/3y/ 1/ 3) , Convex Functions
Dynamic Regret <

@] (Iog T \/TVT) , Strongly Convex Functions
@ Dynamic regret is sublinear if V1 is sublinear

@ Itis not adaptive
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Existing Results (11)

m Path-length
[Zinkevich, 2003, Mokhtari et al., 2016, Yang et al., 2016]

@ Online gradient descent satisfies
o) (ﬁ P?) , Convex Functions

Dynamic Regret < O (P%), Strongly Convex and Smooth
O (P3), Convex and Smooth Functions
@ For any fy,...,f such that

T
Pr= X —x{_1l <Br
t=2
online gradient descent (with input B1) satisfies

Dynamic Regret < O (x/ T BT> , Convex Functions
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Our Contribution [zhang et al., 2016]

B Squared Path-length

T
. 2
St = It —xi_all
t=2

http://cs.nj du.cn/ zlj ine Learning

LAMpa

Learning And Mining from Data



http://cs.nju.edu.cn/zlj

Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Our Contribution [zhang et al., 2016]

B Squared Path-length

T
. 2
St = It —xi_all
t=2

Example 1 (Path-length vs Squared Path-length)
Suppose ||X; —x{ ,|| =T “forallt > 1and « > 0, we have
ST =T <P, =T
In particular, when o = 1/2, we have
Sty =1< P =VT.

LAMpa
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Our Contribution [zhang et al., 2016]

B Squared Path-length
T
Sti= ) Ixi = x{al?
t=2

® Online Multiple Gradient Descent
@ Strongly convex and smooth functions
@ Semi-strongly convex and smooth functions

°
Dynamic Regret < O (min(P5, S5))

LAMpa

Learning And Mining from Data
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Our Contribution [zhang et al., 2016]

B Squared Path-length
T
Sti= ) Ixi = x{al?
t=2

® Online Multiple Gradient Descent
@ Strongly convex and smooth functions
@ Semi-strongly convex and smooth functions

°
Dynamic Regret < O (min(P5, S5))

H Online Multiple Newton Update
@ Self-concordant functions

°
Dynamic Regret < O (min(Pz1,S7)) LANQA
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Outline

e Online Learning in Dynamic Environment

@ Online Multiple Gradient Descent

LAMpa
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Strongly Convex and Smooth Functions

Definition 1
A function f : X — R is A-strongly convex, if

A
f(y) > F() + (VE(),y =) + S lly = x]%, ¥,y € &.

Definition 2
A function f : X — R is L-smooth, if

L
f(y) ST+ (VEX),y =x) + Sy = x|%, ¥y € X.

http://cs.nju.edu.cn/zlj Online Learning


http://cs.nju.edu.cn/zlj

Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Strongly Convex and Smooth Functions

Definition 1
A function f : X — R is A-strongly convex, if

A
f(y) > F() + (VE(),y =) + S lly = x]%, ¥,y € &.

Definition 2
A function f : X — R is L-smooth, if

L
f(y) ST+ (VEX),y =x) + Sy = x|%, ¥y € X.

Example 2 (Strongly convex and smooth functions)

@ A quadratic form f(x) = x"Ax — 2b "x + ¢ where
al K A=pl,a>0and g < oo;

@ The regularized logistic loss LaNIDa
f(x) = log(1 + exp(b "x)) + 3|x||2, where X > 0. ok 42
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Online Multiple Gradient Descent

B The Algorithm

1: Let x1 be any pointin X
2. fort=1,...,T do
3zt =x

4. forj=1,...,Kdo

5

2T =Ny (z’t - ant(zjt))

6: end for

K+1
7 Xy =12zp "t
8: end for
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Online Multiple Gradient Descent

B The Algorithm

1: Let x1 be any pointin X
2. fort=1,...,T do
3zt =x

4. forj=1,...,K do

5

2T =Ny (z’t - 'r}Vft(Z{))

6: end for

K+1
7 Xy =2zp "t
8: end for

@ Multiple updatings in each round
@ A constant step size
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Theoretical Guarantees

Theorem 1
By setting 7 < 1/L and K = [ |n 4], we have
T

D filxe) = f(xP)
t=1

2GPr + 2G||x1 — X,

<min

T
1 * * *
50 2 VRN +2(L +@)St + (L +a)lxe — x{|1?

t=1
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Theoretical Guarantees

Theorem 1
By setting 7 < 1/L and K = [ |n 4], we have
T

D filxe) = f(xP)
t=1

2GPr + 2G||x1 — X,

<min{ 1 & . . §
% Z VR () 1Z + 2(L + @)St + (L + a)lxa — x|
=1

Corollary 1
Suppose Y[, |V (x})[? < O(S%), we have

!
S fi(x) - f(x7) < O (min(P§, §7)).
t=1 LITA DA

arning And Mifiing from DatA
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Theoretical Guarantees

Theorem 1
By setting 7 < 1/L and K = [ |n 4], we have
T

D filxe) = f(xP)
t=1

2GPr + 2G||x1 — X,

<min{ 1 & . . §
% Z VR () 1Z + 2(L + @)St + (L + a)lxa — x|
=1

Corollary 1
In particular, if x; belongs to the relative interior of X

.
D fi(xe) — f(X)
t=1

< min (2G7>;f + 2G||xy — Xi[l, 2LSE + L1 — x1<||2) LAiDA
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Semi-strongly Convex and Smooth Functions

Definition 3 ([Gong and Ye, 2014])
A function f : X — R is semi-strongly convex over X, if

5
2
where X* = {x € X : f(x) < minyex f(X)}.

() = minf(x) > 5 x = M- ()|
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Semi-strongly Convex and Smooth Functions

Definition 3 ([Gong and Ye, 2014])
A function f : X — R is semi-strongly convex over X, if

() = minf(x) > 5 I — M- (|

where X* = {x € X : f(x) < minyex f(X)}.

Example 3 (Semi-strongly Convex and Smooth Functions)

min  f(x) =g(Ex)+b'x
XEXCRY

where g(-) is strongly convex and smooth, and X is either RY or
a polyhedral set. [Luo and Tseng, 1993]

@ The semi-strong convexity and error bound property areL Mpa
equivalent up to constant factors [Necoara et al., 2015]  wrmmwmins
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Theoretical Guarantees

Theorem 2

By setting n < 1/Land K = {1/7’—“3 In47, we have

;
th(xt Z mlnft
=1

ZGPT = ZGHX]_ = Xl”,
<min{ 1 _
ZG-T— + 2(L + OZ)S—F + (L + CK)HXl — Xl”

where G} = MaXy.y7 | S VR ()12, and Xq = M ().

Corollary 2

Suppose G} < O(Sy), we have
T
> fulxt) —f(x{) < O (min(P§,55)). LANIDA
t=1 B i
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Outline

e Online Learning in Dynamic Environment

@ Online Multiple Newton Update

LAMpa

Learning And Mining from Data
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Self-concordant Functions

Definition 4 ([Nemirovski, 2004])
A function f : X — R is called self-concordant on X, if

@ f(xj) — oo along every sequence {x; € X'} converging, as
i — oo, to a boundary point of X’;

@ f satisfies the differential inequality
3/2
ID3(x)[h, h, h]| < 2 (hTVZf(x)h) /
forallx € X and all h € RY.

Example 4 (Self-concordant Functions)
@ The function f(x) = —log x

@ A convex quadratic form f(x) = xTAx — 2b "x + ¢ where
AcR¥ beRd andc e R

@ Iff : RY — R is self-concordant, and A € R4*k p ¢ Rd
then f(Ax + b) is self-concordant.

* LANIDA
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Online Multiple Newton Update

B The Algorithm

1. Let x; be any pointin X3
2. fort=1,...,T do
3zl =x
4. forj=1,...,Kdo
5
1

) ) ] )
SRR (S | v N v (Z
[t =2 1+At(z{)[ ()| i)

M(@) =¢ Vi(Z)T [V2h(zD] Vi)

6: end for

K41
7 Xgpa=2zp
8: end for
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Dynamic Environment Dynamic Regret Gradient Descent Newton Update

Theoretical Guarantees

Theorem 3
Assume 1
xHI2 < — > 2.
[X{_1 — X{[lf < 124’ vt >
When t = 1, we choose K = O(1)(f1(x1) — f1(x}) + loglog 1)
such that

1
* 12
Xo — X < —.

Fort > 2, we set K = [log,(164)] then

.
> fi(xe) — f(x7) < min (67>T,45T + 36> + f1(x1) — fr(x3).
t=1
.
> filx) = fi(x{) < O (min(P7, 7)) LaVipA
L = :
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Conclusion
Conclusion and Future Work

Conclusion
@ Squared path-length: S := >, [Ix; — x4 |I?

@ Online multiple gradient descent (strongly/Semi-strongly
convex and smooth functions)

T
> filx) = fi(x{) < O (min(P5, S7))
t=1

@ Online multiple Newton update (self-concordant functions)

Future Work

@ A deep understanding of functional variation, path-length,
squared path-length

@ Beyond dynamic regret
@ Static regret of semi-strongly convex functions LAQA
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