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@ A hypothesis class: # = {h: X — R}
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H [nput
@ Training data: (X1,Y¥1), ..., (Xn,Yn) € X x Y

@ A hypothesis class: # = {h: X — R}

m Output: h e H Cat -~

B Goal—Risk Minimization (RM)

min ((h(x),y)

@ /(-,-) : R x R+ R is certain loss
e.g., 0—1 loss, square loss

B Statistical Assumption
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B Risk Minimization (RM)

H&iﬂ F(h) = Exy)~n[¢(h(x),y)]

@ The distribution D is unknown
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B Risk Minimization (RM)
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@ The distribution I is unknown
B Empirical Risk Minimization (ERM)
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B Risk Minimization (RM)

H&iﬂ F(h) = Exy)~n[¢(h(x),y)]

@ The distribution I is unknown
B Empirical Risk Minimization (ERM)

min F(h) = %Zf(h(xi)ayi))
i=1

heH

® (X1,Y¥1),...,(Xn,yn) are sampled independently from D

B Examples—Least Squares
n

= 1
min. F(w) = - igl(xrw —vi)?
N LAViDA
QW= {W c Rd : ||WH < R} is the domain LesringAnd i FomDah
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Empirical Risk Minimization (ERM)

B Risk Minimization (RM)

H&iﬂ F(h) = Exy)~n[¢(h(x),y)]

@ The distribution D is unknown

B Empirical Risk Minimization (ERM)

min F(h) = %Zf(h(xi)ayi))
i=1

heH

® (X1,Y¥1),...,(Xn,yn) are sampled independently from D

B Examples—Support Vector Machine (SVM)

min F w) E o(x" w ~ w2
weRd Vi) ” |
LAVDA
® /(u,v) =max(0,1 — uv) is the hinge loss
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Theoretical Guarantees of ERM

Foundational Problem of Statistical Learning Theory

m Generalization Error

F(R) — F(R) = Egyyon [£(A(X),Y)] -

n

SCORD)

n«
i=1

@ where h = argmingcy I?(h) is the empirical minimizer
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Theoretical Guarantees of ERM

Foundational Problem of Statistical Learning Theory

m Generalization Error

F ()~ F () = Egeyyon [€R00.9)] = = 3 R 1)

@ where h = argmingcy E(h) is the empirical minimizer
m Excess Risk

F(h) — min F(h) =F(h)—F(h,)

wew

~Egey)n |10, ¥)] = Epeyyon [0 (3), Y]

@ where h, = argmin,¢4 F(h) is the optimal solution LAMpA
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B Stochastic Optimization

min F(w) = Efp [f(wW)]

@ f(-) : W~ Ris arandom function sampled from P

B Examples—Risk Minimization (RM)

min F (h) = Exy)n[£(n(X). )

@ h—w, =W, {(h(x),y)— f(w)
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Stochastic Optimization

B Stochastic Optimization

min F(w) = Efp [f(wW)]

@ f(-) : W~ Ris arandom function sampled from P

B Examples—Risk Minimization (RM)

min F (h) = Exy)n[£(n(X). )

@ h—w, =W, {(h(x),y)— f(w)

®m Examples—Newsvendor Problem (3 Z [a] &%)
max F(x) = Ecop [p min(x, &) — cx]

@ X is the supply, ¢ is the random demand
@ p is the price, c is the cost
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W Stochastic Optimization

min F(w) = E.p [f(w)]

@ f(:) : W~ Ris arandom function sampled from P

B Sample Average Approximation (SAA)
F w) fi(w
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W Stochastic Optimization

min F(w) = E.p [f(w)]

@ f(:) : W~ Ris arandom function sampled from P

B Sample Average Approximation (SAA)
F fi(w
iy, Fow) Z
o f,...,f, are sampled mdependently from P

B Excess Risk

F(W) — min F(w) = F (W) — F(w.)

@ W = argminycyy F(w) is the empirical minimizer
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@ W, = argminy )y F (W) is the optimal solution
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B 0—1 Losses [Vapnik and Chervonenkis, 1971]

RM:  min F(h) = Eqcy)n[1(h(x) # Y)]

ERM:  min F(h) = rllgl(h(xi) #Yi)
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B 0—1 Losses [Vapnik and Chervonenkis, 1971]

RM:  min F(h) = Eqcy)n[1(h(x) # Y)]

ERM:  min F(h) = rllgl(h(xi) #Yi)

@ Risk Bound
F(R)— F(h,) = O ( VC(H))

n
VC(#H) is the VC-dimension of H

P> R e
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Statistical Machine Learning—0—1 Losses

B 0—1 Losses [Vapnik and Chervonenkis, 1971]

RM:  min F(h) = Eqcy)n[1(h(x) # Y)]

ERM:  min F(h) = :;;]l(h(xi) #Yi)

@ Risk Bound
A VC
F(h)—F(h,) =0 < ,@)
VC(#H) is the VC-dimension of H

@ Limitations:

© Minimizing 0—1 losses is intractable

@ VC-dimension is data-independent

© Vacuous when VC(H) = o (e.g., kernels) LANbA
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Statistical Machine Learning—Lipschitz Losses

B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]

RM:  min F (h) = Eqxy)n [((N().Y)]

ERM:  min F(h) = i;ﬁ(h(xi),yi))

@ /(-,y) is Lipschitz continuous for any y € )

Definition 1
A function f : WW € R is G-Lipschitz continuous if
|f(X) - f(y)| < G’X - y|7 nyy ew
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B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]

RM:

ERM:

in F(h
.Te'ﬂ()

min Ig(h) =

heH

E(xy NJD)[ (h(X) )]

3 ) )
i=1

@ /(-,y) is Lipschitz continuous for any y € )

4 T T T T T ‘_ . .

----- Hinge loss
3 ., === Logistic loss [

Mo ...'~.
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B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]

RM:  min F (h) = Eqxy)n [((N().Y)]

ERM:  min F(h) = i;ﬁ(h(xi),yi))

@ /(-,y) is Lipschitz continuous for any y € )
@ Risk Bound
1

F(h) = F(h.) =0 ( = + Rn(H
(h) ~ F(0) = 0 (o + Ral))
Rn(H) is the Rademacher complexity

n

Rn(H)=E [SUP }Zaih(xi)

her Wiz ]
€ {£1} is Rademacher random variable LaMDA
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B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]

RM:  min F (h) = Eqxy)n [((N().Y)]

~ 1
ERM: in F(h) == h(xi), Vi
ey (h) n;a (Xi),¥i))
@ /(-,y) is Lipschitz continuous for any y € )
@ Risk Bound

1

F(h) - F(h,) =0 <ﬁ +Rn(”H)>

@ Suppose
H={fw: X = (W, ¢(x)) : [w]| <R}

Zm

then

1
Rn(H) sup AW LAVDA

heH
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B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]
RM: in F(h E( v)op [4(h(X
min F(h) = Egcy)~n[((h(x),y)]

~ 1
ERM: in F(h) == h(xi), Vi
ey (h) n;a (Xi),¥i))
@ /(-,y) is Lipschitz continuous for any y € )
@ Risk Bound

F(R)— F(h,) = O <\% —|—Rn(”H)> ~0 <%>

@ Suppose
H={fw: X = (W, ¢(x)) : [w]| <R}

Zm

then

1
Ra(H) [sup = <ﬁ> LAVDA

heH
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Statistical Machine Learning—Lipschitz Losses

B Lipschitz Continuous Losses [Bartlett and Mendelson, 2002]
RM: min F(h) = Exy).n[(h(x),y)]

her
- 1<

ERM:  min F(h) = ngﬁ(h(xi),yi))

@ /(-,y) is Lipschitz continuous for any y € )

@ Risk Bound
N 1 1

F(h)—F(h,)=0(—4=+R =0|—=

(-Fn) =0 (5 +Ra) ~0 ()

@ Advantages:
© Most convex losses are Lipschitz continues

@ Rademacher complexity is data-dependent

© Rademacher complexity could be applied even when
VC(H) =  (e.g., kernels) LANbA
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Statistical Machine Learning—Smooth Losses

B Smooth Losses [Srebro et al., 2010]

RM:  min F(h) = Eqy)n [((N(X).y)]

ERM:  min F(h) = ngﬁ(h(X.)M))

@ /(-,y)is L-smooth foranyy € Y

Definition 2
A function f : W € R is L-smooth if

F'(x) —f'(y)| <Lx —y|, ¥,y e W
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B Smooth Losses [Srebro et al., 2010]
RM:  min F(h) = Exy)-n[(h(x),y)]

heH
. 18
ERM: in F(h) == h(xi),Yi
min (h) n;a (Xi),¥i))
@ /(-,y)is L-smooth foranyy € Y
4 — v, . . : : :
R ELEED Squared Hinge loss
3| %, == Logistic loss i
> 2:..'~.. ““‘ |
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B Smooth Losses [Srebro et al., 2010]

RM:  min F(h) = Eqy)n [((N(X).y)]

ERM:  min F(h) = ngﬁ(h(X.)M))

@ /(-,y)is L-smooth foranyy € Y
@ Risk Bound
F(R) — F(h.) = O (RE(H) + Ra(H)V/F.)
Rn(H) is the Rademacher complexity
1 n
Rn(H) =E |sup |— oih(X;
n(H) LH a2 .)]

F. = F(h,) is the minimal risk LaAMpa
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B Smooth Losses [Srebro et al., 2010]
RM:  min F(h) = Exy)-n[(h(x),y)]

heH
ERM: min F(h) = - ;f(h(X.)jy.))

@ /(-,y)is L-smooth foranyy € Y
@ Risk Bound

F(h) — F(h.) = O (RE(H) + Ra(H)V/F.) =0 <l>

n
@ When
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Statistical Machine Learning—Strongly Convex

B Strongly Convex Losses [Sridharan et al., 2009]
RM:  min F (W) = Ey)~n [£((W, ¢(X)),y) + 1 (W))]

ERM:  min F(w) = Zé( ,B(Xi)), Vi) + r(w)

@ F(.) is A-strongly convex over domain W

Definition 3
A function f : W € R is A-strongly convex if

A
F) + (VEX),y =x) + Sy = x[|* < f(y), ¥x,y € W.
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B Strongly Convex Losses [Sridharan et al., 2009]
RM:  min F (W) = Ey)~n [£((W, ¢(X)),y) + 1 (W))]

ERM:  min F(w) = Zé( ,B(Xi)), Vi) + r(w)

@ F(.) is A-strongly convex over domain W

4 — T ¥, : : : : :
’~,~ Y RLLLE Square loss
30 e === Regularized hinge loss ||
~.~~ x‘
> 2 “~. e ]
. '.‘
~~:“ "o
1 ST o
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B Strongly Convex Losses [Sridharan et al., 2009]
RM:  min F (W) = Ey)~n [£((W, ¢(X)),y) + 1 (W))]

ERM:  min F(w) = Zé( ,B(Xi)), Vi) + r(w)

@ F(-) is A-strongly convex over domain W
@ /(-,y) is Lipschitz continuous forany y € )
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Statistical Machine Learning—Strongly Convex

B Strongly Convex Losses [Sridharan et al., 2009]
RM:  min F (W) = Ey)~n [£((W, ¢(X)),y) + 1 (W))]

ERM:  min F(w) = Zé( ,B(Xi)), Vi) + r(w)

@ F(-) is A-strongly convex over domain W

@ /(-,y) is Lipschitz continuous forany y € )

@ Risk Bound 1
F(w)—-F(w,)=0 <)\n>

Based on the Rademacher complexity
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Future Work

m Optimality of Our Bounds
@ Is the risk bound tight?
@ Is the lower bound on n unavoidable?
@ Can the assumptions (e.g., strong convexity) be relaxed?

B Fast Rates for Stochastic Approximation (SA)
@ Stochastic gradient descent (SGD)

B Fast Rates for Non-convex Losses
@ Deep learning
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