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Statistical Machine Learning LW%

» Risk Minimization

min {Ro(W) = Egup, [(w;2)]}

e w denotes the learning model, z 1s a random sample

* Py is a unknown distribution, £(-; -) is a loss function

» Examples

A

OSVM  min Beey)op, [max(l —yw 'x, 0)] + 2| wl]7

OLinear Regression V{,Iélilv E (x.4)~Po | (Y — WT$)2]

https.//cs.nju.edu.cn/zlj
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[. Sample Average Approximation (SAA)
I. Empirical Risk Minimization (ERM)

® Z1,...,Zy are independently sampled from Py

O Deterministic Optimization

v’ Gradient Descent, Mirror Descent, Newton's method

O Stochastic Optimization

v’ Stochastic Gradient Descent, Stochastic Mirror Descent
v’ Variance Reduction (Johnson and Zhang, 2013; Zhang et al., 2013)

https.//cs.nju.edu.cn/zlj
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II. Stochastic Approximation (SA)
VIVIéi]I/lv {Ro(W) = Egup, [U(w;2)] }

O Stochastic Gradient Descent (SGD)

w1 = Ly [Wt — NVEI(Wy; Zt)}v z¢ ~ Po

v’ The stochastic gradient is unbiased

E|Vi(wy;2:)] = VRo(wy)

[ At least 1n theory, we cannot reuse samples! }

https.//cs.nju.edu.cn/zlj



http://lamda.nju.edu.cn

Optimization Approaches 11 LW%

II. Stochastic Approximation (SA)
VIVIéi]I/lv {Ro(W) = Egup, [U(w;2)] }

O Stochastic Gradient Descent (SGD)
w1 = Ly [Wt — NVEI(Wy; Zt)}v z¢ ~ Po
O Stochastic Mirror Descent (SMD) (Nemirovski et al., 2009)

Wip1 = argn;\%n (VU w;2.), w — wy) + B(w, wy) |
WE

B(u,v) =v(u) — [v(v)+ (Vv(v),u— V)]

v SMD becomes SGD when v(w) = ||w]|?/2

https.//cs.nju.edu.cn/zlj
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» Theoretical Guarantee

COSAA and SA
Ro(W) — min Ro(w) =0 [ —). of
W) — min W) = — —
0 wew 0 n)’ n
Exce;srRisk
» Limitations N N

- I Production data

Lack robustness when |

distribution shifts a

Feature

https://www.nannyml.com/blog/6-ways-to-address-data-distribution-shift
https.//cs.nju.edu.cn/zlj
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Distributionally Robust Optimization (DRQ ‘,M,,..m%

» Formulation of DRO

V{,Iéi)I/lv PESE(I;PO) {Esup [0(w;2)] }

* 5(Py) denotes a set of probability distributions around P

» A Large Amount of Literature
O Robust optimization (Scarf, 1958; Ben-Tal et al., 2009)
O Asymptotic properties (Duchi and Namkoong, 2021)

O Constructions of the neighborhood (Delage and Ye, 2010;
Ben-Tal et al., 2013; Esfahani and Kuhn, 2018)

O Optimization techniques (Namkoong and Duchi, 2016; Levy
et al., 2020; Q1 et al., 2021; Rafique et al., 2022)

https.//cs.nju.edu.cn/zlj



Group DRO (Sagawa et al. 2020) LW%
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» Formulation: Minimax Risk Optimization

min max {Ri(w) = Eyup, [((w;2)]}

e A finite number of m distributions

O A new way for learning from multiple distributions

» Advantage: More Robust

O A naive approach ,m
5, o 2 Tl

https.//cs.nju.edu.cn/zlj
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» Gender Classification (Buolamwini and Gebru 2018)

Gender Darker Darker Lighter Lighter Largest
Classifier Male Female Male Female Gap / . \
v High accuracy for
m Microsoft 94.0% 79.2% 100% 98.3% 20.8% ] .
L lighter-skinned males,
¥ Y race- 99.3% 65.5% 99.2% 94.0% 33.8%
o B E— e — but worse accuracy for
IEM 88.0% 65.3% 99.7% 92.9% 34.4% \darker_skinned females j
1

Solution ﬂ

across all groups

[Optimizing performance J

https://stanford-cs221.github.io/autumn2022-extra/modules/machine-

learning/group-dro.pdf https://cs.nju.edu.cn/zlj
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» The Seminal Work of Sagawa et al. (ICLR 2020)

Shiori Sagawa* Pang Wei Koh*

Stanford University Stanford University
ssagawalcs.stanford.edu pangweilcs.stanford.edu
Tatsunori B. Hashimoto Percy Liang

Microsoft Stanford University
tahashim@microsoft.com pliang@cs.stanford.edu

OIntroduce the problem of Group DRO
O Apply stochastic mirror descent (SMD)

fort =1.....7 do
g ~ Uniform(1....,m) // Choose a group ¢ at random
x,y ~ P, // Sample x,y from group g
q — ¢, qy + 4q, eXI)(r]q.E(H(Fl);‘ (2,9))) // Update weights for group g
(t) / ! :
4" —d' />,y // Renormalize g
0O «— 901 _ T e(0t=1): (2, 4)) // Use ¢ to update ¢
end

OA suboptimal O(m? (logm) /€%) sample complexity

https.//cs.nju.edu.cn/zlj
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» The Work of Haghtalab et al. (NeurIPS 2022)

Nika Haghtalab, Michael I. Jordan, and Eric Zhao

University of California, Berkeley

O Try to improve the sample complexity by reusing samples
fora=1.2..... [1'/r] do

. a) . . . .
Realize EL( at cost r; // Sample datapoints from every distribution.
fori =ar+1 —r. ... ar do

Realize 5"1(” at cost 1; // Sample from adversary-selected distribution.

Estimate gradients: gy = g (EL(Q)TP(”T q“)) , g =g (iqm p®, q(”);

Run Hedge updates: p ™! = Qheee (p(f)ggit)) g = Ohedge (q(”,fq‘f));
end for
end for

However, reusing samples introduces a dependence issue,
making the analysis invalid.

https.//cs.nju.edu.cn/zlj
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» The Work of Soma et al. (2022)

Tasuku Soma Khashayar Gatmiry Stefanie Jegelka
MIT MIT MIT
tasuku@mit.edu gatmiry@mit.edu stefjelmit.edu

O Utilize online learning to reduce the sample complexity
2: fort=1,....,7T do

3 Sample iy ~ g;. Online Convex Optimization
4:  Call the stochastic oracle to ohtahy/ p

5: Orp1 < projo (0 —netVel(0i:2))

6: VU(Ger) « VU(q) — 206 2)es,: qepr

Gt it
argmin .o Dw(q, qi+1), where Dy(z,y) =
W(x) —U(y) — VU(2)" (y — 2) is the Bregman

divergence with respect to W. . .
e i, \\ Multi-armed Bandits (MAB)

OEstablish a nearly optimal O(m (logm) /€%) complexity
O Suffer a dependence issue, but can be fixed

https.//cs.nju.edu.cn/zlj
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Our Result I (Zhang et al. NeurIPS 2023) W%

» Minimax Risk Optimization

min max {Ri(w) = Eyup, [((w;2)]}

e A finite number of m distributions

. o Equivalent
» Stochastic Convex-Concave Optimization

e GER {¢<W7q> } ;%RM}

¢« Ay, ={qeR™:q>0,>",q = 1} is the (m—1)-
dimensional simplex

O Apply stochastic mirror descent (Nemirovski et al., 2009)

https.//cs.nju.edu.cn/zlj
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» Stochastic Convex-Concave Optimization

e gAY {¢<W7q> } ?}%RM}

> Optimization Error of (W, q)

€ (W, q) = nax d(W,q) — vfféiilv o(w,q)

O Meaningful for Group DRO

m
R. _ R — o mi R.
s ) iy, s () = g D)~ iy, e S o)
< R-(w) — — . O
_qrgg};;% z(W) V{’%l)gleQz eqb w q)

https.//cs.nju.edu.cn/zlj
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Stochastic Mirror Descent (SMD) LW%

» Stochastic Convex-Concave Optimization

min max {¢(W, q) = ; qiRz'(W)}
ORecall that R;(w) = E,p, [{(W;2)]
O Stochastic Gradients at (w¢, q;)
Suw(Wt,qr) = th,f,;VE(wt; Zgi))
i=1

g, (Wi, qr) = [U(wi; 207, (w2 )T

v Draw m samples z§i> eP,,i=1,....m

https.//cs.nju.edu.cn/zlj
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Stochastic Mirror Descent (SMD) LAIVIDA

O Update by mirror descent

W1 = argmin {nw<gw(wta di), W — Wy) + By (W, Wt)}
weW

qt+1 = arg?in {nq<_gq(wt7 qt)7 q-— qt> + BC](q7 qt)}
qQcAm

v'where B, (u,v) = vy, (1) — [V (V) + (Vi (v),u — v)]
O Special cases:

SGD: Wi+1 = 1y [Wt — NwBw (W, Qt)]

(4)
qt; €XPp V(Wy:z .
Hedge: Gioni = mt (nq ( ty ¢ )) ’ Vi € [m]

S e exp (ngl(wezy))

https.//cs.nju.edu.cn/zlj
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Theorem 1 By setting 1, = D? \/5T(D2C?82+1n — and ng = (Inm)
\/ 5T(D2G82 T’ with probability at least 1 — 9,

€s(W,q) < (8+21n 5) \/10(D2G;+lnm) 0 ( 1ong>

O It requires m samples per iteration
O The total sample complexity is O(m (logm) /€?)
OLower bound Q(m/e?) (Soma et al. 2022)

> Credit to Nemirovski et al. (2009, § 3.2)

3.2. Application to minimax stochastic problems. Consider the following
minimax stochastic problem:

(3.18) min max {f = E[Fi(x,8)]},

zeX 1<i<n

https.//cs.nju.edu.cn/zlj
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Is 1t possible to reduce the number of samples
per iteration from m to 1?

» The algorithm of Sagawa et al. (ICLR 2020)

O Apply stochastic mirror descent with 1 sample pe iteration

Euw (W, qr) = qt.i, MVE(Wy; Zgit))

g,(We,qr) = [0, ..., ml(Wy; zgit)), . ,O]T

L They are unbiased, but have very large variances. J

OConverge slowly, and have an 0(m? (logm) /€?) complexiy

https.//cs.nju.edu.cn/zlj
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» Stochastic Convex-Concave Optimization

e gAY {¢<W7q> } ;%RM}

» Two-player Games (Rakhlin and Sridharan, 2013)

O The 1st player minimizes convex functions
™m ™m ™m
Z q1,:Ri(w), Z q2,iRi(w), -, Z qr.i i (W
i=1 i=1 i=1

O The 2nd player maximizes linear functions

Zqz (W1), Z% 2), oy Y GiRi(w
=1

https.//cs.nju.edu.cn/zlj



http://lamda.nju.edu.cn

Non-oblivious Online Learning L&.M%

» The 1st player minimizes convex functions

™m m m
> aiRi(w), Y a@iRi(w), -+, Y ariRi(w
1=1 i=1 i—1

CINon-oblivious online convex optimization (OCO) with
stochastic gradients

Stochastic « We only have stochastic gradients of
gradients each online function ),/%; q¢; R;(*)

e The function );/2; q¢; R;(+) depends
on previous solutions Wy, ..., Wy_1

Non-oblivious

v’ Distinguish our method from that of Soma et al. (2022)

https.//cs.nju.edu.cn/zlj
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Non-oblivious Online Learning LAIMHI%

» The 1st player minimizes convex functions
Z q1,iRi (W)7 Z QQ,iRi (W)7 IR Z QT,iRi (W)
=1 1=1 1=1

OO Non-oblivious online convex optimization (OCO) with
stochastic gradients

O Apply Stochastic Mirror Descent

[gw(Wt, q:) = VI(wy; zﬁt)) ]—» Small variance

Wip1 = argrﬁi}n {N0 (8w (Wi, dr), W — W) + Bu(w, wy) |
W E

[ The analysis 1s significantly different from the traditional SMD J

https.//cs.nju.edu.cn/zlj
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Non-oblivious Online Learning LAlmubﬂm

» The 2nd player maximizes linear functions

ZQz (W1), ZC]@ ---,ZqiRw
i=1

I:INon-oth10us mult1-armed bandits (MAB) with stochastic
rewards

Evaluation value Evaluation value Evaluation value

EiEIEy

http://www.apsipa.org/proceedings/2021/pdfs/0001899.pdf https://cs.nju.edu.cn/zlj
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» The 2nd player maximizes linear functions

Zqz (W1), Z% 2), oy Y GiRi(w
1=1

I:INon-othlous multl-armed bandits (MAB) with stochastic
rewards

O Apply Exp3-1X for non-oblivious MAB (Neu, 2015)

_ — {(Wy, zﬁ“)) S Bias-Variance
qt.; + fraaeo

Air1 = argrAnm {ng (St,a — qs) + By(a,ar) }
qc

https.//cs.nju.edu.cn/zlj
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Theorem 2 By setting nw = ZTDS_T = \/ lnm and ~y = &, with
probability at least 1 —

€ (W, q)<DG\/7<2f+8\E>+3\/mlnm \E
(m ; %%)mg
o

1t requires 1 samples per iteration

OThe total sample complexity is 0(m (logm) /e?)
OLower bound Q(m/e?) (Soma et al. 2022)

https.//cs.nju.edu.cn/zlj



Experiments: Convergence Rate

» Adult dataset, Logistic loss, 6 Groups

m SMD(1), o<m,/10ng> 0.70—

0.65} \.
g 0.60!
% 0.55]
=

0.50!

(Sagawa et al. ICLR 2020)

m SMD(m), © ( IOgT m)
Our Alg. 1

0.457
B Online(1), O <\/m(l(;5 m)>

Our Alg. 2

LAVIDA
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# of iterations
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Experiments: Sample Complexity

» Adult dataset, Logistic loss, 6 Groups

) 0.70—

B SMD(1), O (m2(10gm)

LAVIDA

Learning And Mining from DatA
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€2
. ausssssuns SMD 1
(Sagawa et al. ICLR 2020) 0.65¢ (1)
% O 60_ _____ SMD(m)
m(logm) e N Online(1)
H SMD(m), O( = ) 5055
OurAle 1 0500 e e
045t =
B Online(l), O (m(l(€)2gm)> 102 103
Our Alg. 2 # of samples

https.//cs.nju.edu.cn/zlj
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» Group DRO —— Minimax Risk Optimization

min max {Ri(w) = Eanp, [((w;2)]}

e A finite number of m distributions

» A Potential Issue of GDRO

OThe max operator is sensitive to outliers

O The maximal risk can be easily dominated by 1 distribution

v' Suppose distribution P; contains high levels of noise

max Rz (W) == Rl (W)

1€[m]

v’ The remaining m — 1 distributions are essentially ignored

https.//cs.nju.edu.cn/zlj
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» Group DRO —— Minimax Risk Optimization

min max {Ri(w) = Eynp, [((w;2)]}

e A finite number of m distributions

» Minimax Excess Risk Optimization (MERO) (Agarwal
and Zhang, 2022)

min max {Pzwi {(w;2z)] — min B, p, V(W;Z)]}

v \ 4

:z\&,’;
O Subtract the intrinsic difficulty of each distribution
O Suppress the effect of heterogeneous noise

https.//cs.nju.edu.cn/zlj
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» Minimax Excess Risk Optimization (MERO)

min max {Ri(w) — Rff}

weW ie[m]

O Only exist an inefficient algorithm for empirical MERO
(Agarwal and Zhang, 2022)

» Stochastic Convex-Concave Optimization

v{/%iir/l\/ qrggyi {¢(W, q) = ;C]i [Rz‘(w) — Rﬂ }

OBut R; is unknown

https.//cs.nju.edu.cn/zlj



Outline

» Introduction
» Related Work

» Stochastic Approximation of GDRO
[0 Stochastic Mirror Descent
OO Non-oblivious Online Learning

» Stochastic Approximation of MERO
O A Multi-Stage SA Approach
O An Anytime SA Approach

» Conclusion

LAVIDA

Learning And Mining from DatA
http://lamda.nju.edu.cn

https.//cs.nju.edu.cn/zlj



Our Result I (Zhang et al. ICML 2024 =0A

http://lamda.nju.edu.cn

» A Multi-Stage Stochastic Approximation Approach

O We first estimate the value of R;, and then solve an
approximate problem by replacing R;” with its estimation

Stage 1: Minimizing each risk R; ()
Il’éilglv {Ri(W) =Egup, [t(w;2)]}, Vie[m]

v Runing SMD for T iterations
v’ A solution W such that with probability 1 — &

R;(w')) -~ Ry =0 <\/; log ;)

v'By union bound, max; ¢, [Ri(W") — Rf] = O(y/(logm)/T)

https.//cs.nju.edu.cn/zlj
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Our Result I (Zhang et al. ICML 2024 =D

Stage 2: Estimating the value of R; (W(i))
v'Draw T samples z( D ( ) from distribution P;

v Calculate the sample average

(w() Zg v, 2(7)

v’ By concentration inequalities and union bound

: 1
max |R; (W) — Ri<w<z>>\=0< Ong>

i€ [m]

v' As a result

|
max |Rs(w) — RY| = O ( ng>

i€ [m]

https.//cs.nju.edu.cn/zlj
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Our Result I (Zhang et al. ICML 2024 LAMM%

Stage 3: Optimizing an approximate problem
] ,q) = i[Ri(w) — Ry(w™
min max {¢(W a) ; ¢i[Ri(w) — R;(w'")] }

v SMD can be directly applied for T iterations

» Theoretical Guarantee
Theorem 3 After consuming 3mT' samples, with high probability

_ logm
€p(W, Q) = 0( T)

O The total sample complexity is O(m (logm) /e?)

[1t is not an anytime algorithm, because T must be given

https.//cs.nju.edu.cn/zlj
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Our Result II (Zhang et al. ICML 202 2 ot o

» Stochastic Convex-Concave Optimization

v{r%i%/lv qrgg}; {gb(w, q) — ; d; [Rz(w) — Rﬂ }

» An Anytime Stochastic Approximation Approach
O Alternate between estimating R; and optimizing the minimax

1. Minimizing each risk R;(-) by SMD for one step

ngzl—argmm{ U(Vﬁ(wg),zg)) W — W§)>—|—B (w, Wg))}

wew
W 2y W (i e
t = N =

j=1 Zk:l l(c Zk:l 771(<)

https.//cs.nju.edu.cn/zlj
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» Stochastic Convex-Concave Optimization

min max {qb(W, q) = Z%; [Ri(w) - Rﬂ }

weyy qum

» An Anytime Stochastic Approximation Approach
O Alternates between estimating R; and optimizing the minimax

2. Minimizing the problem below by SMD for one step

min max {qﬁ(w, q) = Z qi [Rz'(w) — Rz’(v_"gi))} }

weW qum

v’ The difference between R; and R; (W,fi)) is under-control

https.//cs.nju.edu.cn/zlj
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O Updating w; (the same as before)

thqt ZQt ng Wta

wew

O Updating q; (different with before)
gq (Wt7 qt)
-
= [e(wia?) — 0wV 20), o twia™) — 0w ™2™

v’ It is a biased gradient for the original MERO problem

Qi1 = arg?in {nf(—8q(We,aqr),d — Qi) + By(a,ar) }
AdcAm

https.//cs.nju.edu.cn/zlj
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Theorem 4 With probability at least 1 — 20,

log? t + logl/2 m 10g3/2 t

Vi

e¢(Wt,qt) :O ( > ) \VltEZ_{_
O The convergence rate 1s almost the same as GDRO

OIn the analysis, we need to deal with the biased gradient.

O 1t can return a solution at any round

t w t q
_ N, W _ n,;q
Wt:E: : w,andqt:§: tjjq

» Previous two SA approaches for GDRO
[ Can be easily modified to be anytime

https.//cs.nju.edu.cn/zlj
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» Synthetic dataset, 6 distributions with different noise

0.70

0.65F
P1

o 0.60}
P 0551

050l —— MERO
e GDRO
0.45 : : :
100 100 100 10" 10
# of iterations
0.70
0.66
.
2

0.62 +

# of iterations

5

0.70

0.65|
% 0.60} 2
x
0.55} —— MERO
GDRO
0.50 , | ,
100 100 100 10" 10
# of iterations
0.70
0.68]
2 0.66]
2
0.64 |
—— MERO
0.62 GDRO
100 100 100 10" 10

# of iterations

5

5

0.70

# of iterations

Pe

MERO
GDRO

10> 100 10" 10
# of iterations

OGDRO performs better on distributions with higher noise

https.//cs.nju.edu.cn/zlj



Outline

» Introduction
» Related Work

» Stochastic Approximation of GDRO
[0 Stochastic Mirror Descent
OO Non-oblivious Online Learning

» Stochastic Approximation of MERO
O A Multi-Stage SA Approach
O An Anytime SA Approach

» Conclusion

LAVIDA

Learning And Mining from DatA
http://lamda.nju.edu.cn

https.//cs.nju.edu.cn/zlj



Conclusion me

Learning And Mining from DatA
http://lamda.nju.edu.cn

» GDRO——Minimax Risk Optimization

min max R;(w) = E, p. [{(W;z
weW ie[m)] { ( ) PZ[ ( )}}
1. Stochastic Mirror Descent, O(m (logm) /e?)

2. Non-oblivious Online Learning, O (m (logm) /€?)

» MERO—— Minimax Excess Risk Optimization

min max {Pzwm {(w;2z)] — min B, p, V(W;Z)]}

v \ 4

;:\;{;‘
1. A Multi-Stage SA Approach, O(m (logm) /€?)
2. An Anytime SA Approach , O(m (logm) /€?)
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» Investigate the Imbalanced setting

O Number of samples from different distributions are different
O Weighted GDRO/MERO (Zhang et al. NeurIPS 2023, ICML

2024) m
min max {gp(w, q) = Zqi -piRi(w)}
i=1

weW qum

» Investigate the Empirical GDRO/MERO (Yu et al. ICML
2024) (

,
. 1 — ;
min max ¢ Ry(w) = E;em;zﬁ-)) :

\ /

» Apply to real-world problems (e.g., training big model)
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