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Proof of Proposition 1
The proof is similar to that of Lemma 4 in (Zhang, Yi, and
Jin 2014). First, we have
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Then, consider any vector ū ⊥ u. We have
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where α1, . . . , αn are n independent standard Gaussian vari-
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function of α2, so its expectation with respect to α2 must be
0. Thus, we have
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Then, it is easy to prove Proposition 1 by contradiction.

Proof of Theorem 3
The following lemma extends Lemma 2 to the general case
when each ut is a different vector.
Lemma 4. We have
f(x>t ut)− min
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where ρT = min
t∈[T ]

‖ūt‖2.

The rest proof is the same as that for Theorem 1.
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Proof of Lemma 4
When t = 1, it is clear that
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(2)
≤ 2B.

In the following, we discuss the case when t ≥ 2. Notice
that in this setting, (4) becomes
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Following the same analysis for Lemma 2, we have
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According to the procedure in Algorithm 1, we have
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Following a simple geometric argument, we have∥∥∥∥ wt
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Proof of (7)
We provide the proof because our definition of ūt is slightly
different from the one in (Hazan and Kale 2010).

First, we have
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(t− 1)ūt−1 + ut
t

− ūt−1
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where the first inequality is due to the property of convexity
and the second inequality comes from our assumption that
‖ut‖2 = 1, ∀t ∈ [T ]. We then bound
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t− 1

t−1∑
i=1

(ui − ūT )
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Combining (19) with (20), we have
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According to (Cesa-Bianchi and Lugosi 2006, Lemma 3.1),
we have
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We complete the proof by combining (21) with (22).

Multiplicative Chernoff Bound
Theorem 5. (Angluin and Valiant 1979) Let X1,
X2, . . . , Xn be independent binary random variables with
Pr[Xi = 1] = pi. Denote S =
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