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Proof of Theorem 1
The proof is similar to that of Proposition 1 in (Rakhlin, Shamir, and Sridharan 2012), which shows the O(1/T ) rate of SGD.
The differences are (i) we need to consider the effect of the non-smooth regularizer λ‖Z‖∗, and (ii) we use a different step size
which leads to a dramatic simplification of the analysis involving martingales.

First, we present one lemma that bounds the difference between Zt+1 and K̂ by the difference between Zt and K̂.
Lemma 1 Define

δt =
〈
ξt −K,Zt − K̂

〉
, and S2 = max

t∈[T ]
‖Zt − ξt‖2F .

We have
‖Zt+1 − K̂‖2F ≤ η2tS2 + 2ηtδt + 2ηtλ (‖Zt‖∗ − ‖Zt+1‖∗) + (1− 2ηt) ‖Zt − K̂‖2F .

The above lemma is proved by exploiting the optimality of Zt+1.
Based on Lemma 1, we obtain the following upper bound for ‖ZT+1 − K̂‖F by choosing an appropriate step size.

Lemma 2 Define γ = max
t∈[T ]

‖Zt‖∗. By setting ηt = 2/t, we have

‖ZT+1 − K̂‖2F ≤
4(S2 + λγ)

T
+

2

T (T − 1)

[
2

T∑
t=2

(t− 1)δt −
T∑
t=2

(t− 1)‖Zt − K̂‖2F

]
.

Note that by taking expectation over both sides, we immediately get anO(1/T ) upper bound that holds in expectation. Since our
goal is to prove a stronger high probability bound, we proceed by developing an upper bound for the summation of martingale
difference sequence

∑T
t=2(t− 1)δt.

Lemma 3 Assume
‖ξt −K‖F ≤ G, and ‖Zt − K̂‖F ≤ D, ∀t > 2.

With a probability at least 1− δ, we have
T∑
t=2

(t− 1)δt ≤
1

2

T∑
t=2

(t− 1)‖Zt − K̂‖2F + 2G2τ(T − 1) +
2

3
GD(T − 1)τ +GD(T − 1)

where τ = log d2 log2 Te
δ .

The above lemma is built up the Bernstein’s inequality for martingales (Cesa-Bianchi and Lugosi 2006) and the peeling tech-
nique (Bartlett, Bousquet, and Mendelson 2005).

Combining Lemmas 2 and 3, with a probability at least 1− δ, we have

‖ZT+1 − K̂‖2F ≤
4

T

(
S2 + λγ + 2G2τ +

2

3
GDτ +GD

)
. (4)

As can be seen, there is a nice cancellation of
∑T
t=2(t− 1)‖Zt − K̂‖2F , which is due to the special setting ηt = 2/t.

Then, we provide upper bounds for the constants S, γ, G, and D in the above inequality.
Lemma 4 Assume ‖ξ‖F ≤ C. By setting ηt = 2/t, we have

S2 ≤ 10C2, γ ≤ 2C max
t∈[T ]

√
rt, G = 2C, and D = 3C

where rt is the rank of Zt.
We complete the proof by substituting those upper bounds into (4).



Proof of Lemma 1

To simplify notations, we define

F (Z) =
1

2
E
[
‖Z − ξ‖2F

]
, and ft(Z) =

1

2
‖Z − ξt‖2F .

From the property of strongly convex, i.e., (2) of (Hazan and Kale 2011), the updating rule implies

1

2
‖Zt+1 − Zt‖2F + ηt〈Zt+1 − Zt,∇ft(Zt)〉+ ηtλ‖Zt+1‖∗

≤1

2
‖K̂ − Zt‖2F + ηt〈K̂ − Zt,∇ft(Zt)〉+ ηtλ‖K̂‖∗ −

1

2
‖K̂ − Zt+1‖2F .

(5)

Since F (Z) is 1-strongly convex, we also have

1

2
‖Zt − K̂‖2F

≤F (Zt) + λ‖Zt‖∗ − F (K̂)− λ‖K̂‖∗

≤〈Zt − K̂,∇F (Zt)〉 −
1

2
‖Zt − K̂‖2F + λ‖Zt‖∗ − λ‖K̂‖∗

=〈Zt − K̂,∇ft(Zt)〉 − λ‖K̂‖∗ −
1

2ηt
‖Zt − K̂‖2F

+ λ‖Zt‖∗ −
1

2
‖Zt − K̂‖2F +

1

2ηt
‖Zt − K̂‖2F + 〈∇F (Zt)−∇ft(Zt), Zt − K̂〉

(5)
≤〈Zt − Zt+1,∇ft(Zt)〉 − λ‖Zt+1‖∗ −

1

2ηt
‖Zt − Zt+1‖2F −

1

2ηt
‖Zt+1 − K̂‖2F+

+ λ‖Zt‖∗ +
1

2

(
1

ηt
− 1

)
‖Zt − K̂‖2F + 〈∇F (Zt)−∇ft(Zt), Zt − K̂〉

≤max
W

(
〈W,∇ft(Zt)〉 −

1

2ηt
‖W‖2F

)
− λ‖Zt+1‖∗ −

1

2ηt
‖Zt+1 − K̂‖2F+

+ λ‖Zt‖∗ +
1

2

(
1

ηt
− 1

)
‖Zt − K̂‖2F + 〈∇F (Zt)−∇ft(Zt), Zt − K̂〉

=
ηt
2
‖∇ft(Zt)‖2F + λ‖Zt‖∗ − λ‖Zt+1‖∗ +

1

2

(
1

ηt
− 1

)
‖Zt − K̂‖2F −

1

2ηt
‖Zt+1 − K̂‖2F

+ 〈∇F (Zt)−∇ft(Zt), Zt − K̂〉.

(6)

We complete the proof by noticing

S2 = max
t∈[T ]

‖∇ft(Zt)‖2F , and 〈∇F (Zt)−∇ft(Zt), Zt − K̂〉 = 〈ξt −K,Zt − K̂〉.

Proof of Lemma 2

From Lemma 1 and the definition of ηt, we have

‖Zt+1 − K̂‖2F

≤4S2

t2
+

4λ

t
(‖Zt‖∗ − ‖Zt+1‖∗) +

(
1− 4

t

)
‖Zt − K̂‖2F +

4δt
t

=
4S2

t2
+

4λ

t
(‖Zt‖∗ − ‖Zt+1‖∗) +

t− 2

t
‖Zt − K̂‖2F +

2

t

(
2δt − ‖Zt − K̂‖2F

)
.

Following the strategy in (Rakhlin, Shamir, and Sridharan 2012), we unwind the above recursive inequality from t = T till



t = 2 and obtain

‖ZT+1 − K̂‖2F

≤4S2

T 2
+

4λ

T
(‖ZT ‖∗ − ‖ZT+1‖∗) +

2

T

(
2δT − ‖ZT − K̂‖2F

)
+
T − 2

T

[
4S2

(T − 1)2
+

4λ

T − 1
(‖ZT−1‖∗ − ‖ZT ‖∗) +

2

T − 1

(
2δT−1 − ‖ZT−1 − K̂‖2F

)]
+
T − 2

T

T − 3

T − 1
‖ZT−1 − K̂‖2F

≤ · · ·

≤4S2
T∑
t=2

1

t2

T∏
i=t+1

i− 2

i
+ 4λ

T∑
t=2

1

t

T∏
i=t+1

i− 2

i
(‖Zt‖∗ − ‖Zt+1‖∗)

+ 2

T∑
t=2

1

t

T∏
i=t+1

i− 2

i

(
2δt − ‖Zt − K̂‖2F

)

(7)

Since
∏T
i=t+1

i−2
i = t(t−1)

T (T−1) , we have

T∑
t=2

1

t2

T∏
i=t+1

i− 2

i
=

T∑
t=2

1

t2
t(t− 1)

T (T − 1)
≤ 1

T
,

T∑
t=2

1

t

T∏
i=t+1

i− 2

i
(‖Zt‖∗ − ‖Zt+1‖∗)

=
1

T (T − 1)

T∑
t=2

(t− 1) (‖Zt‖∗ − ‖Zt+1‖∗) ≤
1

T (T − 1)

T∑
t=2

‖Zt‖∗ ≤
γ

T
,

T∑
t=2

1

t

T∏
i=t+1

i− 2

i

(
2δt − ‖Zt − K̂‖2F

)
=

1

T (T − 1)

T∑
t=2

(t− 1)
(

2δt − ‖Zt − K̂‖2F
)

We complete the proof by substituting the above inequalities into (7).

Proof of Lemma 3
We need the Bernstein’s inequality for martingales (Cesa-Bianchi and Lugosi 2006), which is stated below.

Theorem 2 Let X1, . . . , Xn be a bounded martingale difference sequence with respect to the filtration F = (Fi)1≤i≤n and
with |Xi| ≤ K. Let

Si =

i∑
j=1

Xj

be the associated martingale. Denote the sum of the conditional variances by

Σ2
n =

n∑
t=1

E
[
X2
t |Ft−1

]
.

Then for all constants t, ν > 0,

Pr

[
max

i=1,...,n
Si > t and Σ2

n ≤ ν
]
≤ exp

(
− t2

2(ν +Kt/3)

)
,

and therefore,

Pr

[
max

i=1,...,n
Si >

√
2νt+

2

3
Kt and Σ2

n ≤ ν
]
≤ e−t.



From the assumption about the random matrix, it is easy to check that bt = (t− 1)δt, t = 2, . . . , T is a martingale difference
sequence. Furthermore,

|bt| ≤ (t− 1)‖ξt −K‖F ‖Zt − K̂‖F ≤ GD(T − 1).

Define the martingale BT =
∑T
t=2 bt. Define the conditional variance Σ2

T as

Σ2
T =

T∑
t=2

Et−1
[
b2t
]
≤ (T − 1)G2

T∑
t=2

(t− 1)‖Zt − K̂‖2F︸ ︷︷ ︸
AT

where Et−1[·] denotes the expectation conditioned on all the randomness up to the t− 1-th iteration.
In the following, we consider two different scenarios: AT ≤ D2 and AT > D2.

AT ≤ D2 In this case, we have

BT =

T∑
t=2

bt ≤ G
T∑
t=2

(t− 1)‖Zt − K̂‖F ≤ G

√√√√ T∑
t=2

(t− 1)
√
AT ≤ GD(T − 1). (8)

AT > D2 Since AT in the upper bound for Σ2
T is a random variable, we cannot apply Bernstein’s inequality directly. To

address this issue, we make use of the peeling process described in (Bartlett, Bousquet, and Mendelson 2005). Notice that we
have both a lower bound and an upper bound for AT , i.e.,

D2 < AT ≤ T 2D2.

We have

Pr

[
BT ≥ 2

√
(T − 1)G2AT τ +

2

3
GD(T − 1)τ

]
= Pr

[
BT ≥ 2

√
(T − 1)G2AT τ +

2

3
GD(T − 1)τ,D2 < AT ≤ T 2D2

]
= Pr

[
BT ≥ 2

√
(T − 1)G2AT τ +

2

3
GD(T − 1)τ,Σ2

T ≤ (T − 1)G2AT , D
2 < AT ≤ T 2D2

]
≤

m∑
i=1

Pr

[
BT ≥ 2

√
(T − 1)G2AT τ +

2

3
GD(T − 1)τ,Σ2

T ≤ (T − 1)G2AT , D
22i−1 < AT ≤ D22i

]

≤
m∑
i=1

Pr

[
BT ≥

√
2(T − 1)G2D22iτ +

2

3
GD(T − 1)τ,Σ2

T ≤ (T − 1)G2D22i
]

≤me−τ ,

where m = d2 log2 T e, and the last step follows from Theorem 2. By setting

τ = log
m

δ
,

with a probability at least 1− δ, we have

BT ≤ 2
√

(T − 1)G2AT τ +
2

3
GD(T − 1)τ. (9)

Combining (8) and (9), with a probability at least 1− δ, we have

BT ≤2
√

(T − 1)G2AT τ +
2

3
GD(T − 1)τ +GD(T − 1)

≤1

2
AT + 2G2τ(T − 1) +

2

3
GD(T − 1)τ +GD(T − 1).



Proof of Lemma 4
We first prove ‖Zt‖F ≤ 2C,∀t ≥ 1 by induction. Since ‖Z1‖F = 0, we have

‖Z2‖F = ‖Dη1λ [2ξ1]‖F ≤ ‖2ξ1‖F ≤ 2C.

Suppose ‖Zt‖F ≤ 2C for some t ≥ 2. We will show that it leads to ‖Zt+1‖F ≤ 2C. To see this, we have

‖Zt+1‖F = ‖Dηtλ [(1− ηt)Zt + ηtξt]‖F ≤ ‖(1− ηt)Zt + ηtξt‖F

≤‖(1− ηt)Zt‖F + ‖ηtξt‖F =
t− 2

t
‖Zt‖F +

2

t
‖ξt‖F ≤ 2C.

Then, for the constant S in Lemma 1, we have

S2 ≤ max
t∈[T ]

2‖Zt‖2F + 2‖ξt‖2F ≤ 10C2.

For the constant γ in Lemma 2, we have

γ = max
t∈[T ]

‖Zt‖∗ ≤ max
t∈[T ]

√
rt‖Zt‖F ≤ 2C max

t∈[T ]

√
rt

where rt is the rank of Zt. Since

‖ξt −K‖F ≤ ‖ξt‖F + ‖K‖F ≤ ‖ξt‖F + E [‖ξ‖F ] ≤ 2C,

‖Zt − K̂‖F ≤ ‖Zt‖F + ‖K̂‖F ≤ 2C + ‖K‖F ≤ 3C,

we can set G and D in Lemma 3 as
G = 2C, and D = 3C.


